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• We construct a stochastic cellular automaton model for the Ebola virus.
• Basic dynamical rules governing viral spread are adapted to the Ebola setting.
• Rigorous results are given about the dynamics.
• Model output simulates the timeline of the infection and captures fatality rates.
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a b s t r a c t

We construct a stochastic cellular automaton (SCA) model for the spread of the Ebola
virus (EBOV). We make substantial modifications to an existing SCA model used for HIV,
introduced by others and studied by the authors. We give a rigorous analysis of the
similarities betweenmodels due to the spread of virus and the typical immune response to
it, and the differences which reflect the drastically different timing of the course of EBOV.
We demonstrate output from the model and compare it with clinical data.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Ebola virus (EBOV) is a filovirus that causes severe illness in most humans who are exposed to it. A filovirus is a negative,
single-stranded RNA virus whose genome is configured linearly, which differs from a retrovirus such as HIV (human
immunodeficiency virus) in its method of replication [1,2]. On the other hand, similarities between these two types of
viruses, especially in terms of their negative effect on the immune system, have been studied for some time [3]. In October
of 2014 theWorld Health Organization (WHO) Ebola Response Team published a report estimating the fatality rate of Ebola
Virus Disease (EVD) to be around 70.8% [4], but hospitalized patients during the recent outbreak inWest Africa had a slightly
lower fatality rate. Due to the difficulty in gathering accurate data, differences among patient care, and individual responses
to treatment, there is a wide range of fatality rates reported, from 25% to 90% [5].

Because of the extreme virulence of EBOV, autopsies and handling of fluids of infected patients are limited and avoided
when possible [5], making mathematical and computer models of the disease a particularly valuable tool. In Ref. [6], a
computermodel first introduced in 2001 by Zorzenon dos Santos and others [7] for HIV,was amended and studied rigorously
to show precisely which viral dynamics were being modeled, how the set of infected cells spreads, and how immune
response and drug therapy affects the dynamics. The authors of Ref. [6] extracted some results that apply independently
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of the virus in question and showed how varying parameters changed the model. The spread of HIV, as well as the effect
of administering drugs, has been modeled by SCAs (see for example, Refs. [6,8–10] and references therein). In Refs. [11,10]
the later chronic stages of viral infection were isolated from the model and studied further; these studies involved Markov
processes reflecting randomness in the development and control of a chronic viral condition. The EBOV time scale is much
shorter and there seems to be no chronic residual disease that has been observed in survivors of the acute illness up to now.
Therefore the early viral dynamics control the progression and outcome. In this paper we adapt the early stages of the viral
dynamics model in Ref. [6] to EBOV.

A cellular automaton (CA) model is an agent-based model, a computer simulation of the process of the viral spread in an
organ based on simple rules. For example, a rule that all viral models have in common is that if a cell is contiguous to an
actively infected cell, it becomes infected in the next time step. An SCA uses a small number of simple rules chosen randomly
using data-based probabilities, to emulate differences in immune responses to viral spread. By running an SCA simulation,
we achieve a variety of outcomes from a single model.

In this paper, wemodify the original (HIV) SCAmodel to use parameters and cellular automata rules specific to the spread
of EBOVwithin an individual organ.While much is still unknown about EBOV, we can use features of existingmodels for the
general properties of viral spread and the body’s typical immune response to it. We change some of the salient features of
the HIVmodel as needed for this setting. As of thiswriting, it is believed that viralmutation occursmuch lesswith EBOV than
with HIV though the possibility that EBOV mutations might affect future diagnosis and treatment is being studied [12]. In
contrast, it has been known for some time that HIV shows extensive genetic variation even within individual hosts, making
HIV one of the fastest evolving of all organisms [13]. Therefore, one of themainmodifications wemake is to remove the rule
leading to viral reservoirs due to mutating viruses, a characteristic property of HIV. We eliminate that as a mathematically
possible rule and replace it with a rule that reflects a delayed or slower immune response to the virus. The rest of the rules in
the SCA stay the same and this small change immediately speeds up the course of the viral infection to a fairly rapid recovery
or death.

The paper is organized as follows. In Section 2 we give the basic definitions of CAs and SCAs, introduce the rules used in
ourmodel of EBOV dynamics, and present theoretical results. The output obtained by various computer simulations utilizing
different parameters is analyzed in Section 3, and we discuss some conclusions in Section 4.

2. Theory of cellular automata models

2.1. Cellular automata

LetA denote the finite state space or alphabet,A = {0, 1, 2, 3}. We use state 0 to represent a healthy cell site in an organ,
and states 1 and 2 to represent infectious cells able to infect neighboring cells. State 3 represents a depleted (dead) cell site.
Then, we define the integer lattice Z2 = {Eı = (i, j), i, j 2 Z}, viewed as a subset in the plane (or on a surface, by identifying
edges of a polygon). The length of a vector in Z2 is taken as kEık = max{|i|, |j|}. The space on which a cellular automaton acts
is X = AZ2 , which we think of as the integer lattice Z2 in the plane with exactly one value from the state space A placed
at each coordinate (i, j) in the lattice. The space X is mathematically equivalent to the set of functions from Z2 to A. So, for
each x 2 X andEı = (i, j) 2 Z2 we write x(i,j) to denote the coordinate of x at Eı, with x(i,j) 2 {0, 1, 2, 3}. Similarly for any finite
set E ✓ Z2, we define xE to be the block of coordinates {xEı : Eı 2 E}; i.e., xE 2 A|E| where |E| is the cardinality of E.

We make X into a compact space by using the classical metric on X , which is defined so that two points are close if their
coordinates agree on a large central region. First, we define a neighborhood of radius k 2 N [ {0} about (0, 0) 2 Z2, by
Nk = {Eı = (i, j) : |i|, |j|  k} = {Eı : kEık  k}. Then, the metric dX on X is defined as follows: for any pair of points x, v 2 X ,
dX (x, v) = 1

2k where k = min
�
m : xNm 6= vNm

 
. We call a pattern any fixed (2k + 1)2 square block of states from A (or a

finite union of (2k+1)2 square blocks), k 2 N. We form a basis for the metric topology from the following collection of sets.
For any pattern u, define Bu = {x 2 X : xNk = u} to be the u-cylinder of radius k (centered at (0, 0)). Bu is precisely the set
of points from X whose central block of coordinates extending out k units in each direction from (0, 0) coincides with the
fixed pattern u.

The space X provides a model for an organ that is susceptible to the virus such as liver, spleen, lungs, or skin [5,14]. Each
point x 2 X represents a configuration of the healthy, infected, and depleted cells of the organ at any given time, and each
coordinate x(i,j) shows the state of the organ at that location where a coordinate is either a cell or a site of cells, depending
on the organ. In order to dynamically move around within an organ and sample the state at any location, we define the shift
maps on X as follows:

8Eı = (i, j) 2 Z2, [�Eı (x)](k,l) = x(i+k,j+l).

With respect to the metric dX , each shift �Eı is a continuous transformation on X . With all this structure in place, we are now
able to define a CA.

Definition 2.1. A 2-dimensional cellular automaton (CA) is a continuous transformation F on X such that for everyEı 2 Z2,
F � �Eı = �Eı � F .

It is well-known that each CA is characterized by a local rule (of radius r � 0), based on the definition of continuity in
the metric topology on X . In the next theorem this is made precise.
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Theorem 2.2 ([15]). The map F : X ! X is a CA if and only if there exists an integer r � 0 and a map f : A(2r+1)2 ! A such
that for every x 2 X,

F(x)Eı = f (xNr+Eı). (2.1)

The map f that appears in (2.1) is called the local rule for the CA F as f describes the CA completely.
It is useful to regard a CA as a map or rule that updates each coordinate in X at each time step by looking only at finitely

many nearby coordinates. If F is a CA, we iterate F using the notation Fk(x) = F � · · · � F(x) to denote composition with
itself k times.

An analogous space X could be defined to be the set of functions from Zd to A for any integer dimension d � 1. We find,
however, that using two dimensions captures most of the EBOV dynamics that are understood so far. The SCA model of the
spread of the virus we define below does not depend on the dimension of the organ, but rather on the relative positions
of cells to each other. Moreover, the actual viral spread could take place in one-dimensional channels (narrow capillaries),
along two-dimensional sheets (such as the skin), and in 3-dimensional organs (for example, the liver) [5]. All of the math
analysis that follows can be done for arbitrary dimension d as well. However using d = 2 makes the concepts and notation
easier to explain in this paper.

2.2. CAs model the immune response to Ebola

We use three different 2-dimensional CAs to model the immune response to viruses such as Ebola, combining them into
a stochastic cellular automaton (SCA) in Section 2.3. Here, we introduce them independently.

In a healthy individual with a functioning immune system, infected cells die quickly and are replenished by healthy ones,
while at the same time the infected cells are also infectious, able to infect nearby healthy cells. The CA Q models this quick
response: all infectious cells are depleted in a single time step, as we see in local rule qwhich has radius 1. On the state space
A = {0, 1, 2, 3}, define the local rule q : A3⇥3 ! A as follows:

q

 ⇤ ⇤ ⇤
⇤ 0 ⇤
⇤ ⇤ ⇤

!

=
⇢
1 if at least one * is 1 or 2
0 otherwise,

q

 ⇤ ⇤ ⇤
⇤ a ⇤
⇤ ⇤ ⇤

!

= 3 for 1  a  2,

q

 ⇤ ⇤ ⇤
⇤ 3 ⇤
⇤ ⇤ ⇤

!

= 0.

The dynamics of Q are illustrated in Fig. 1. White represents 0, healthy cells, and black represents 3, depleted (dead)
cells; pink represents state 1, the initial infection, as shown in the first frame. State 2 does not appear under iteration of Q
when we begin with an initial point consisting of 0s and 1s. Above each frame is the time step, where one time increment
corresponds to one day. As shown, initial infection spreads and then clears out, with a return to the all healthy configuration
in a very short time frame. The timing to clear out the infection depends on the number and proximity of initial 1s; fewer
and farther spaced out 1s will require a longer time to return to the all 0 configuration.

We use two small variations on this CA to model what happens if the immune system is compromised or simply delayed
in its response. We call these CAs L for longer response and D for depleted response; we define them by their radius r = 1
local rules, ` and d, respectively. For the longer response, an additional timestep will be needed for the immune system
to wipe out an initially infected site (1 passes to 2 and then to 3). The depleted response is so named because a dead site
will stay dead (3 stays 3). All other portions of the rules are the same as in the quick response. So, we define the local rules
`, d : A3⇥3 ! A by:

d

 ⇤ ⇤ ⇤
⇤ a ⇤
⇤ ⇤ ⇤

!

= q

 ⇤ ⇤ ⇤
⇤ a ⇤
⇤ ⇤ ⇤

!

for any a 6= 3, while d

 ⇤ ⇤ ⇤
⇤ 3 ⇤
⇤ ⇤ ⇤

!

= 3;

`

 ⇤ ⇤ ⇤
⇤ 0 ⇤
⇤ ⇤ ⇤

!

= q

 ⇤ ⇤ ⇤
⇤ 0 ⇤
⇤ ⇤ ⇤

!

; for any a 6= 0, `

 ⇤ ⇤ ⇤
⇤ a ⇤
⇤ ⇤ ⇤

!

= a + 1 (mod 3).

The dynamics of L are virtually identical to those of Q and are shown in Fig. 2. We see the appearance of state 2,
represented by teal; initial infection once again spreads and then clears out. The dynamics of D are shown in Fig. 3. Instead
of recovery, we see that the infection eventually depletes all cells.

These three rules are variations on those used in the study HIV [6]. Our L and D parallel two of the three rules in the HIV
model, however we use fewer total states (four here as compared to seven for the HIV model) since EBOV progresses much
more quickly than does HIV. The third rule used in the HIV model took into account the very fast mutation rate of the virus.
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Fig. 1. Iteration of Q : infection spreads, then clears out.

Fig. 2. Iteration of L: infection spreads, then clears out.

Fig. 3. Iteration of D: infection spreads, resulting in cell death.
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Despite the likelihood that EBOV might mutate due to transcription errors based on its RNA replication [12], it seems that
the genetic sequence of EBOV is relatively stable [2]. Our motivation for using both Q and L comes from observations that
antibody responses are very different for patients who survive the disease when compared to those who have lethal cases;
‘‘deceased patients show a lower or even absent antibody response [1]’’.

Formal statements regarding the dynamics of each of Q , L, and D are treated next. Many of the results correspond to ones
stated and proven for the CAs considered in the HIV model in Ref. [6]. Rather than provide a complete proof of our results
here, then, we simply indicate the differences needed to modify the proofs from Ref. [6].

Proposition 2.3. Let 0 2 X be such that 0(i1,i2) = 0 for all (i1, i2) 2 Z2. Then 0 is a fixed point under each of the CAs Q , L, and D.

Physically, this would correspond to a completely healthy organ: with no infection in any site, the organ simply stays
completely healthy for all time. The proof is obvious: since none of the 0 states are adjacent to any 1s or 2s, they will all
update to 0 under iteration of each of the three CAs.

There are points in X arbitrarily close to this fixed point which have drastically different trajectories; 0 is not what is
called a point of equicontinuity. A point x 2 X is a point of equicontinuity for a transformation F if for any " > 0, there exists
� > 0 so that any y 2 X having dX (x, y) < � has dX (Fnx, Fny) < " for all n � 0.

Proposition 2.4. 0 is not a point of equicontinuity for Q , L, or D.

Proof. The proof of Proposition 4.1 in Ref. [6] can be applied here due to the similar mechanism bywhich 0 7! 1 in the local
rules of the CAs. ⇤

In our model, we are primarily considering initial points which consist strictly of states 0 and 1. All of these initial points
converge under iteration of both Q and L to the fixed point 0, which is to say that these two CAs model a successful immune
response to an ordinary virus. Under iteration of D, our initial points all converge to 3 and they are points of equicontinuity.

Proposition 2.5. Let x 2 X have x(i1,i2) 2 {0, 1} for all (i1, i2) 2 Z2. Then {Qnx} ! 0, {Lnx} ! 0, and {Dnx} ! 3 as n ! 1.

Proposition 2.6. Let x 2 X have x(i1,i2) 2 {0, 1} for all (i1, i2) 2 Z2 but x 6= 0. Then, x is a point of equicontinuity for D.

Proof. The proof of each of these statements is obtained in a virtually identical manner to that of the CAs considered in
Refs. [6, Propositions 4.3, 4.4, and 4.5]. The only difference is that the number of iterates needed for convergence is slightly
less here since we have fewer states in the alphabet A. ⇤

Although the orbits of our initial points are certain under all three CAs, there are other points arbitrarily close to a given
initial point of 0s and 1s which have drastically different orbits under both Q and L, giving rise to some unpredictability. It is
unfortunate, then, that these are the two CAswhich bring our initial points to a good outcome, with all healthy sites; D takes
our initial points to a very bad outcome, where all sites are dead. Once again, we can turn to the proof of a similar result
that appears in Ref. [6, Proposition 4.7], which relies on the presence of a fully blocking pattern. A fully blocking pattern is a
finite arrangement of states from the alphabet whose appearance in a point determines the states at those coordinates for
all subsequent iterations of a CA, regardless of what states occur nearby.

Proposition 2.7. Let x 2 X have x(i1,i2) 2 {0, 1} for all (i1, i2) 2 Z2. Then x is not a point of equicontinuity for Q or for L.

Proof. Since the fully blocking pattern given in Ref. [6], consisting of concentric rings of 0s, 2s, and 0s, also happens to be a
fully blocking pattern for our L, as shown in Fig. 4, the proof of Ref. [6] extends with only minor modifications to L.

Although the concentric rings of 0s and 2s turn out not to be fully blocking for Q , we are still able to utilize the
aforementioned proof for Q by utilizing a different fully blocking pattern, the one in Fig. 5, in much the same way. ⇤

By a result of Ref. [16], we can also use these fully blocking patterns to create many initial points in X which do have
predictable orbits under each of the three CAs. We define a CA to be almost equicontinuous if its set of equicontinuity points
contains a countable intersection of dense open sets.

Proposition 2.8. The CAs Q , L, and D are each almost equicontinuous.

Proof. The pattern of Fig. 5 is fully blocking for Q . The pattern of Fig. 4 is fully blocking for L. The pattern
3 3 3
3 3 3
3 3 3

is fixed

under D and therefore fully blocking for D. Thus, we can apply Theorem 6.3 of Ref. [16] to each of Q , L, and D to conclude
that these three CAs are each almost equicontinuous. ⇤

2.3. Stochastic cellular automata

Now,we combine the three CAs above to form a stochastic cellular automaton (SCA). The idea is that in each iteration, we
will independently choose which of these CAs to apply at each site in the lattice. The choices need not be equally weighted,
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Fig. 4. A fully blocking pattern for L; the pattern reappears after four iterations.

Fig. 5. A fully blocking pattern for Q : the pattern reappears after three iterations.

but the probability of making each choice is consistent across all coordinates. Since we have three CAs, we let C = {1, 2, 3}
be an index set. The local rule for the SCA will then need to take as arguments both a single element of C as well as a 3 ⇥ 3
block of symbols from A. To iterate the SCA, we will need to select one rule for each time step. Thus, we let ⌦ = CN[{0}

model the random selection at a single site. The shift space ⌦ is equipped with the standard metric d⌦(!, ⇣ ) = 1
2k , where

k = min{m 2 N [ {0} : !m 6= ⇣m} as well as the standard shift map s given by

[s(!)]n = !n+1. (2.2)

For convenience of notation, we will rename F1 = Q , F2 = L, and F3 = D, with corresponding local rules f1 = q, f2 = `,
and f3 = d. Constructing an SCA begins with a local rule. On the space ⌦ ⇥ A3⇥3, define

g(!, u) = f!0(u) = ⇡A

�
s(!), f!0(u)

�
, (2.3)

where ⇡A denotes projection onto the second coordinate (which is in A).
Then, each choice of ! = Q

(i,j)2Z2 !(i,j) 2 Q(i,j)2Z2 ⌦ = ⌦ will define a mapping F! : AZ2 ! AZ2 given by

[F!(x)](i,j) = g
�
!(i,j), xN1

�
= f

!
(i,j)
0

�
xN1

�
. (2.4)

We denote the SCA by F⌦ . To iterate F⌦ , we need to shift each one-sided sequence !(i,j) simultaneously. Let s : ⌦ ! ⌦ be
the shift mapping that performs the shift of (2.2) coordinate-wise, that is,

[s(!)](i,j)n =
⇥
s(!(i,j))

⇤
n =

⇥
!(i,j)⇤

n+1 . (2.5)

Now we find the tth iterate of F⌦ by computing, for each fixed pair (!, x) 2 ⌦ ⇥ X ,

F t
!(x) = Fst�1! � · · · � Fs! � F!(x). (2.6)

Although F⌦ is not a true CA, there is a continuous shift-commutingmapping, F : Y = (⌦⇥A)Z2 ! Y , which represents F⌦ .
Further, we define properties such as equicontinuity for F⌦ using F . See Ref. [6] for further details of the general construction.

The probability of choosing each CA, F1, F2, or F3 (at each coordinate and at each time step) is governed by a probability
vector, ⇢ = (⇢1, ⇢2, ⇢3). That is, all ⇢k � 0 and

P3
k=1 ⇢k = 1. This vector defines an independent identically distributed

measureµon⌦ , the usual Bernoullimeasure on⌦ determinedby⇢, which is givenby the following: for each finite sequence
c0, c1, . . . , cm, we have µ ({! 2 ⌦ : !k = ck for k = 0 · · ·m}) = ⇢c0 · ⇢c1 · · · ⇢cm . The measure µ is invariant under the shift
s. Using this measure coordinate-wise on each copy of ⌦ , we obtain the canonical probability product measure µ on ⌦
preserved by s. More can be said about the measures µ and µ; see Ref. [6] for further details.
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We next study the behavior of initial points consisting of just 0s and 1s under our SCA. Illustrations of the dynamics are
shown in Section 3. Theorems 2.10 and 2.11 give statements of the long-term behavior of the SCA. Each of the two proofs
relies on Lemma 2.9, which is stated next. As with the SCA which modeled HIV progression, blocks of healthy coordinates
do not persist under iteration of the EBOV SCA. Initial points consisting of 0s and 1s (that are not completely healthy) will
eventually see some infection in every site.

Lemma 2.9. Let x 2 {0, 1}Z2 ✓ X but x 6= 0. Given an integer k > 0, let Nk = {(i, j) : |i|, |j|  k} ✓ Z2 be the neighborhood
of radius k about (0, 0) 2 Z2, and let T = min{k(l,m) � Nkk : x(l,m) = 1} be the minimum distance a value 1 is to the
neighborhood Nk. Then for each (i, j) 2 Nk and each c 2 {1, 2, 3}, (F t

c x)(i,j) = 1 for some t  (T + 2k).

Proof. The proof of Lemma 4.2 in Ref. [6] applies here without any changes, due to the similar mechanism by which 0
updates to 1 under all the CAs being considered. ⇤

When only the quick and depleted CAs are in play, we expect a full recovery in the long run. In Theorem 2.10, we show
that all initial points consisting only of 0 and 1 states will almost surely converge to the point 0.

Theorem 2.10. When ⇢2 = 0, any x 2 {0, 1}Z2
has limn!1 Fn

!x = 0 for µ-almost every ! 2 ⌦ .

Proof. Let " = 2�k > 0 and let x 2 {0, 1}Z2 . For each (i, j) 2 Z2, take any !(i,j) 2 {1, 3}N[{0}, with ! = Q
(i,j)2Z2 !(i,j).

Since 0 is fixed for the SCA, we assume x 6= 0. Let Nk be the k-neighborhood of (0, 0) 2 Z2 and let T � 0 be the distance
from Nk to the nearest 1 in x, as in the statement of Lemma 2.9. Since both Q and D update state 0 to state 1 under exactly
the same conditions, then at each (i, j) 2 Z2, we will have

⇣
F
t(i,j)
! x

⌘

(i,j)
= 1 for some t(i,j)  T + 2k, similar to the statement

of Lemma 2.9. Then
⇣
F
t(i,j)+1
! x

⌘

(i,j)
= 3 since both Q and D update all 1s to 3s, and

⇣
F
t(i,j)+2
! x

⌘

(i,j)
2 {0, 3}, with the specific

value dependent on whether !
(i,j)
t(i,j)+2 is 1 or is 3. Any 0s that appear as

�
Fn
!x
�
(i,j) for some (i, j) 2 Nk and some n � t(i,j) + 2

will therefore be adjacent only to other 0s and 3s, and thus, will stay in state 0 for all iterates beyond n as well. The only way
a coordinate (i, j) 2 Nk will not eventually become a perpetual 0 is that !

(i,j)
n must be 3 for all n � t(i,j). Define

W =

8
<

:! =
Y

(i,j)2Z2

!(i,j) 2 ⌦ : 9(i, j) 2 Nk such that !(i,j)
n = 3 8n � t(i,j) + 2

9
=

; .

We have shown above, then, that for any ! 62 W , limn!1 Fn
!x = 0; we next show that W has measure 0 in ⌦ . First, note

that W is the finite union of an intersection of cylinder sets, W = S
(i,j)2Nk

T1
m=1 s

(t(i,j)+2) �B[3m]
�
, where 3m indicates the

concatenation of 3 with itselfm � 1 times, and s(t(i,j)+2) shifts to where the infinite string of 3s begins.

µ(W ) = µ

 
[

(i,j)2Nk

1\

m=1

s(t(i,j)+2) �B[3m]
�
!

=
Y

(i,j)2Nk

µ

 1\

m=1

s(t(i,j)+2) �B[3m]
�
!

=
Y

(i,j)2Nk

lim
m!1

µ
�
s(t(i,j)+2) �B[3m]

��
, as the cylinder sets are nested

=
Y

(i,j)2Nk

lim
m!1

µ
�
B[3m]

�
, as µ is invariant under s

=
Y

(i,j)2Nk

lim
m!1

(⇢3)
m

=
Y

(i,j)2Nk

0, as 0 < ⇢3 < 1

= 0.

Therefore, limn!1 Fn
!x = 0 for ! in a set of µ measure 1. ⇤

Despite there being some predictability in the CAs Q , L, and D individually, and the existence of the same fully
blocking pattern for each CA, since the pattern has a different trajectory under each CA, we cannot combine the results
of Proposition 2.8 to guarantee equicontinuity points for the stochastic CA. In fact, there are no points of equicontinuity in
F! , regardless of which choice of ! is made.

Theorem 2.11. The SCA generated by Q , S, and D does not have any points of equicontinuity.
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Fig. 6. We proved that when ⇢2 = 0, for every initial infection, recovery is almost certain. Here ⇢3 = 0.45.

Fig. 7. This shows the SCA output illustrating Theorem 2.10 using the parameters from Fig. 6.

Proof. The proof is identical to the one of Theorem 4.9 in Ref. [6] with a minor change of replacing the depleted (dead) state
of 6 in Ref. [6] with the depleted (dead) state of 3 here. ⇤

3. Results

In this section we show the outcome of running the SCA model for EBOV with a variety of parameter choices for ⇢1, ⇢2,
and ⇢3, the probabilities that the rules for Q , L, and D respectively are applied at each site and each time step. A time step
here represents approximately one day, and recall that the space X represents an organ that is susceptible to the virus such
as liver, spleen, lungs, or endothelial cells [14]. Our algorithms are implemented on a 700 ⇥ 700 2-dimensional grid using
Mathematica.

3.1. The Ebola model parameters

We run the model using a variety of parameters. While it is known that there is some correlation between the viral load
and the prognosis for humans affected with Ebola hemorrhagic fever (EHF), a frequent rapid consequence of infection by
EBOV [14], the initial viral load is difficult to determine. More precisely, the initial percentage of infected cells once EBOV is
introduced into the organ has not been determined. We therefore typically use the initial load for HIV as a substitute since
that range is known (see Ref. [6] and references therein). The initial viral proportion for HIV is (10�2 + 10�3)/2 = 0.0055;
however the model is flexible enough that this parameter can be changed as data becomes available.

When an otherwise healthy person is infected with EBOV, each of the rules Q and L model a successful immune re-
sponse. We use the rule Lwith a low percentage (⇢2) to reflect the fact that most of the time the immune system is working
quickly when a person is infected (⇢1). Because the virus is lethal, we use D a significant portion of the time, with varying
percentages (⇢3).

In each Figs. 6–8, we plotthe percentages of healthy (solid line), infected (small dashes), and dead or depleted (longer
dashes) as a function of time in days.We also include output from the SCA itself; recall that onlywhite coordinates represent
healthy cells and all other colors show either infected or dead cells. The number of days is marked above each SCA frame.
With ⇢2 temporarily fixed at 0 (not a very likely scenario, but a good control value), we vary ⇢1 and therefore ⇢3 = 1 � ⇢1.
The different values of ⇢1 affect the timing of the recovery. We first show the output for ⇢1 = 0.55, ⇢2 = 0, and ⇢3 = 0.45;
Fig. 6 illustrates Theorem 2.10, that with ⇢2 = 0 arbitrary runs of the model lead to full recovery, and using a much smaller
value for ⇢3, say 0.1, reduces the infection and speeds up the recovery. This is shown in Fig. 8. Even if ⇢3 has a higher value
(representing an infection in an organ that cannot repair itself quickly), when ⇢2 = 0, there will still be recovery, which can
take place within the time frame of about 3 weeks.

We next introduce a strictly positive ⇢2 to represent a delay in the immune response time. Recall that ⇢2 corresponds to
the rule L that causes the extra state to appear in the SCA, and only delays the transition to the state of healthy or dead by one
time step. In Figs. 9–11we show that the percentage of healthy cells decreases and the percentage of infected cells increases
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Fig. 8. Using ⇢3 = 0.1 for example, reduces the infection and improves recovery for almost every initial infection when ⇢2 = 0.

Fig. 9. If ⇢2 is very small but positive, (here ⇢2 = 0.0005, ⇢3 = 0.45) the likely outcome is the infection will persist and the percentage of healthy cells
will decrease.

Fig. 10. This shows the SCA output using ⇢2 = 0.0005, ⇢3 = 0.45 as in Fig. 9.

over time, even for very small positive values of ⇢2. When ⇢2 is larger, we observe a faster transition to a limiting state and
leads to the ‘‘terminal limit’’ which is probably not survivable (because the limits are close to 1/3). This is discussed in the
next section and illustrated in Figs. 12 and 13.

3.2. Limiting percentages of healthy cells

Choosing the parameter ⇢2 > 0 corresponds to the event that the immune system does not clear out the virus immedi-
ately, and therefore not all initial infection points converge to the healthy state. Since up to now drugs have only intermit-
tently been administered with success, often the infection persists, spreads throughout the organ, and the spatial rules no
longer apply. We describe here the limiting proportions of healthy, infected, and dead cells that would occur in this model
if no drug intervention occurred and if the patient’s organ damage did not lead to a fatal outcome.

As discussed in Refs. [6,10], the virus dynamics are now ruled by the incidence matrix B = Bij, i, j = 0, 1, . . . , 3, where
Bij = 1 if a cell can go from state i to state j in one time step, and 0 otherwise. The corresponding incidencematrix is given by:

B =

0

B@

1 1 0 0
0 0 1 1
0 0 0 1
1 0 0 1

1

CA . (3.1)
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Fig. 11. If we run themodel for a longer time than shown in Fig. 9 (⇢2 = 0.0005,⇢3 = 0.45)we see the healthy cells decrease towards a limit of around 27%.

Fig. 12. Here, ⇢2 = 0.35, and ⇢3 = 0.3, and clearly the infection persists and the percentage of healthy cells decreases to a limiting value.

Fig. 13. The output of the SCA shows that when ⇢2 = 0.35 and ⇢3 = 0.3, clearly the infection persists and the percentage of healthy cells decreases to a
low limiting value.

The matrix B defines a subshift (of finite type), ⌃B ✓ AZ , given by ⌃B = {a = · · · a0a1 . . . 2 AZ : Baiai+1 = 1}. The natural
dynamical system to consider on ⌃B is a Markov shift � , given by � (a)j = aj+1, and we think of placing a Markov shift with
the same incidence matrix B at every coordinate (i, j) 2 Z2.

According to a classical theorem ([17] and see Proposition 3.2 below), described in detail in Refs. [6,10], this incidence
matrix B gives rise to a shift invariant Markov probability measure ⌫ on ⌃B defined as follows. There exist a probability
vector p = (p0, p1, p2, p3), with pk > 0, and a 4 ⇥ 4 stochastic matrix P = (pij)i,j=0,...,3 (i.e., pij � 0 and all row sums are 1),
satisfying

pP = p. (3.2)

From the pair (p, P) we define a measure ⌫ on ⌃B by setting, for each finite sequence c0, c1, . . . , cm,

⌫({a 2 ⌃B : ak = ck, k = 0, . . . ,m}) = pc0 · pc0c1 · · · · pcm�1cm .

We call (� , ⌫) the (p, P)-Markov shift, and note that it is invariant for � on ⌃B.
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Thematrix P is obtained from B and from probabilities assigned by pij representing the probability of moving from state i
to state j in one time step. We note that pij > 0 if and only if bij = 1, and for this model, we see that the correct form for P is:

P =

0

BBB@

1
256

255
256

0 0

0 0 ⇢2 1 � ⇢2
0 0 0 1

1 � ⇢3 0 0 ⇢3

1

CCCA
. (3.3)

The entry p11 comes from counting the proportion of 3 ⇥ 3 patterns with central coordinate 0 which have only 0s and 3s in
the remaining eight coordinates. The entry p12 represents the rest of the patterns, which will update the central 0 to a 1. For
this matrix P we can solve explicitly for the eigenvector p; in particular, it is not difficult to see that

v =
✓
256
255

(1 � ⇢3), 1 � ⇢3, ⇢2(1 � ⇢3), 1
◆

(3.4)

satisfies vP = v, and the entries of v sum to ↵ = 2 + 256(1�⇢3)
255 + ⇢2(1 � ⇢3) � ⇢3. We then use the vector

p = ↵�1v = 1 � ⇢3

↵

✓
256
255

, 1, ⇢2,
1

1 � ⇢3

◆
(3.5)

for the desired probability vector pwhich gives the invariant measure.

Remarks 3.1. (1) The vector p from Eq. (3.5) is the left eigenvector for the eigenvalue 1, normalized to be a probability
vector. The entries pk of p represent the probability that if we sample a cell randomly from the organ or compartment
being modeled, then the cell will be in state k 2 {0, 1, 2, 3}. Since only state 0 represents the healthy cells, p0 is the
proportion of healthy cells overall. The other entries of p represent proportions of infected or dead cells.

(2) The vectors in Eqs. (3.4) and (3.5) depend on both ⇢2 and ⇢3 (and hence implicitly on ⇢1 = 1 � (⇢2 + ⇢3)).
(3) The first entry of p can be simplified to:

p0 = 256(�1 + ⇢3)

�766 + 255⇢2(�1 + ⇢3) + 511⇢3
, (3.6)

which is the limiting proportion of healthy cells.

Markov measures indicate expected long-term behavior of a dynamical system, as is shown in the next result. We write
the n-fold product of the stochastic matrix P with itself as Pn. Assuming that ⇢2, ⇢3 2 (0, 1), it is easy to check that P4 > 0,
so P is called primitive and the following result holds (see e.g., Ref. [17, Chapter 4]).

Proposition 3.2. Let P be a primitive (stochastic) matrix. Then there exists a unique strictly positive probability vector, p, with
pP = p, and for any probability vector q,

lim
n!1

qPn = p.

The significance of Proposition 3.2 is that if no intervention takes place, nomatterwhat the initial infection is (represented
by the vector q), over time a slow acting immune response to the viral infection (⇢2 > 0) causes the infection to progress
to a limiting percentage of healthy cells in an affected organ. In Fig. 14 we show the graph of p0 from Eq. (3.6), the limiting
proportion of healthy cells, as a function of ⇢2 and ⇢3. We note that the proportion is typically between 0.25 and 0.33 for
most relevant values of the parameters. This low percentage of healthy cells, 25%–33%, does not indicate a good survival rate
for EBOV if the viral infection gets to the Markov stages.

4. Conclusions

Our results show that our model gives a robust simulation of the course of EBOV, with both survivors and non survivors,
depending on the parameters chosen. While the timing of the spread of Ebola and HIV in an individual are drastically
different, since the underlying mechanism for viral infection (cell-to-cell infection) and immune response are similar, small
variations in the model can lead to realistic simulations. Since the extreme virulence of EBOV restricts the scope of clinical
studies, our mathematical model of the disease can provide a valuable tool for continuing analysis of the virus dynamics.
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Fig. 14. The vector entry p0, the limiting proportion of healthy cells, as a function of ⇢2 and ⇢3.
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