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PROOF OF A FOLKLORE JULIA SET CONNECTEDNESS

THEOREM AND CONNECTIONS WITH ELLIPTIC FUNCTIONS

JANE M. HAWKINS

Abstract. We prove the following theorem about Julia sets of the maps

fn,p,γ(z) = zn +
γ

zp
,

for integers n, p ≥ 2, γ ∈ C by using techniques developed for the Weierstrass
elliptic ℘ function and adapted to this setting.

Folklore connectedness theorem: If fn,p,γ has a bounded critical orbit,
then J(fn,p,γ) is connected.

This is related to connectivity results by the author and others about J(℘),
where ℘ denotes the Weierstrass elliptic ℘ function, especially where the period
lattice has some symmetry. We illustrate several further connections between
the dynamics of some specific elliptic functions and the family fn,p,γ for some
values of n and p.

1. Introduction

The purpose of this paper is to give a proof of a result about connectivity of
Julia sets of rational maps of a certain type

(1) fn,p,γ = zn +
γ

zp
,

given any integers n, p ≥ 2 and any nonzero complex number γ.
In particular, we show that if fn,p,γ has a bounded critical orbit, then J(fn,p,γ) is

connected. Some special cases of this result appear in a paper focused on iterating
elliptic functions [5], and in a recent preprint [8]. To the author’s knowledge, no
proof of the general result has been given.

We also make connections between the iteration of elliptic functions and their
truncated Laurent series, noting that connectivity results about Julia sets of Weier-
strass elliptic ℘ functions over certain period lattices are proved in [4, 5, 10, 11, 13]
and studies of their parameter spaces appear in [13, 14]. The techniques used in
these papers, along with studies done on the maps of the form (1), studied copi-
ously by Devaney and other authors (for example, [3, 6–8]) lead to a natural proof
of this theorem. Since the Weierstrass elliptic ℘ function has a lot of classical and
beautiful identities which aid in the understanding of the dynamics (used in [11]
and later papers), this idea leads to many identities for the maps in the family given
in (1). Of course some of these were already known and published, but we take
the opportunity to give simple and general proofs, trying not to repeat any proofs
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CONNECTED JULIA SETS 27

that have already appeared in the literature on these maps. Exceptions are made
for a few short proofs of results germane to the proof of the folklore connectedness
theorem.

We set C∗ = C \ {0}, and fix a lattice Λ = {mλ1 + nλ2 : m,n ∈ Z, λ1, λ2 ∈
C∗, λ1

λ2
/∈ Q} ⊂ C. Throughout C∞ denotes the Riemann sphere. The Weierstrass

elliptic ℘ function is defined by

(2) ℘Λ(z) =
1

z2
+

∑
w∈Λ\{0}

(
1

(z − w)2
− 1

w2

)
,

and gives a periodic meromorphic function with periods {λ : λ ∈ Λ}. It is classical
that the Laurent series expansion of ℘Λ about z0 = 0 is written as

(3) ℘(u) =
1

u2
+

g2
20

u2 +
g3
28

u4 + · · · ,

where g2(Λ) = 60
∑

w∈Λ\{0} w
−4 and g3(Λ) = 140

∑
w∈Λ\{0} w

−6 [9]. Replacing

every z by −z in equation (2), we see that ℘Λ is an even function (hence only even
powers appear in the expansion); odd powers appear in the series expansion of ℘′

Λ.
The derivative of the Weierstrass elliptic function is also an elliptic function

which is periodic with respect to Λ, with series expansion given by

℘′
Λ(z) =

−2

u3
+

g2
10

u+
g3
7
u3 + · · · .

The coefficients g2 and g3 are invariants of the lattice Λ in the sense that if
g2(Λ) = g2(Λ

′) and g3(Λ) = g3(Λ
′), then Λ = Λ′. Moreover, given any g2 and g3

such that g32 − 27g23 �= 0, there exists a lattice Λ having g2 = g2(Λ) and g3 = g3(Λ)
as its invariants [9].

Due to the form of the Laurent series of ℘Λ, ℘
′
Λ, and hence an arbitrary elliptic

function with period lattice Λ (each is a rational function of ℘Λ and ℘′
Λ), there are

connections that can be made between the dynamics of parametrized families of
elliptic functions, and these well-studied rational maps from (1),

fn,p,γ(z) = zn +
γ

zp
, n, p ∈ N, n, p,≥ 2, γ ∈ C∗.

For example, the author and Koss [11] showed that for triangular lattices (the
lattice shape is the union of two equilateral triangles),

℘Λ(u) =
1

u2
+ gu4 +O(u8)

near the origin, and J(℘Λ) is connected. These maps are parametrized by g3, and
g = g3/28 in the series expansion.

Additionally for square lattices we have g3 = 0, so we parametrize the dynamics
by g2. We have

℘Λ(u) =
1

u2
+ gu2 +O(u6)

near the origin, and it can be shown that truncating the Laurent series after only
two terms picks up a nontrivial amount of the dynamics; it was shown in [13], [10],
and [5] that Julia sets for square lattices are connected. Moreover, Clemons showed
in [5], Theorem 5.6, that maps of the form f2,2,γ with a nonrepelling periodic orbit
and no Herman ring, have connected Julia sets.
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The reason the two-term approximation picks up much of the qualitative dynam-
ics is that the symmetry in the lattices causes the coefficients in the higher powers
of u6 to be 0 much of the time, and very tiny when they are nonzero.

The techniques used to show connectivity carry over to the setting of rational
maps, specifically the approximations to the Laurent series of ℘Λ; we use them to
prove what we will call the folklore connectedness theorem, Theorem 3.2 of this
paper. The jumping-off point is the following lemma which shows that it does not
matter if you consider the family of maps in equation (1) as a perturbation of zn

as is done in [6], or as a perturbation of the map with a pole of order p given by
z �→ z−p which connects it to elliptic functions (see [4], Proposition 4.1.3).

We define the maps

(4) Pn,p,g(z) =
1

zp
+ gzn.

The proof of the next result follows from writing out the left and right sides of (5).

Lemma 1.1. The map Pn,p,g is conformally conjugate to the map fn,p,γ defined

in (1) with γ = g
p+1
n−1 , for any choice of branch map. For each fixed g, n, p, the

conjugating map φ(z) = g1/n−1z (choosing the same branch) satisfies

(5) φ ◦ Pn,p,g ◦ φ−1(z) = fn,p,γ(z).

We note that, for a fixed γ, the number of distinct parameters in g-space for which
Pn,p,g is conjugate to fn,p,γ depends on n and p. We also note that Pn,p,1 = fp,n,1.

Section 2 shows connections between the two families of maps, yielding useful
identities for the family of maps given in (1). The statement and proof of the main
theorem on connectedness of Julia sets is in Section 3.

2. Preliminary definitions and identities

We fix n, p to be integers ≥ 2, and set d = n + p, the degree of the map fn,p,γ
given in equation (1). Maps of this form exhibit a lot of symmetry and this has
been discussed in many papers (see e.g., [6] and [3] and their references). We refer
to the dth roots of unity as

Ω = {ωj = exp

(
2πij

d

)
, j = 0, 1, . . . , d− 1}.

The set Ωn = {ωn
j }d−1

j=0 is a subgroup of Ω containing at least two distinct elements

(e.g., 1 and −1 when n = p), and at most d elements (which occurs when n and p are
relatively prime). For a nonzero complex number γ, the multiple valued function
γ1/d always has a unique value whose argument is in [0, 2πi

d ), and we call that the

principle value of γ1/d or the principal dth root of γ. In what follows, when we write
k1/d for any nonzero k ∈ C we mean the principal root unless otherwise specified;
when k > 0, the principal root of k1/d is also positive. The following lemma follows
from easy calculations and standard complex dynamics (see e.g., [1]), except for
statement (4). It is a corollary of Proposition 2.1(11) which is proved below.

Lemma 2.1. The map fn,p,γ has 2d − 2 critical points counting multiplicity as
follows:

(1) ∞, with multiplicity n− 1. Since fn,p,γ(∞) = ∞, it is also a critical value,
e∞.
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(2) 0, with multiplicity p−1. The point at 0 is a pole, hence maps to the critical
value e∞.

(3) There are d simple critical points cj = ωj · ((p/n)γ)
1
d , j = 0, . . . , d− 1.

(4) We label a critical point c0 if arg(c0) ∈ [0, πd ); we define e0 = e0(n, p, γ) =
fn,p,γ(c0) to be its critical value. The critical values are {ωn

j (e0)}, and they
may or may not be distinct for different j.

(5) Labelling the set of distinct critical values by {ek}q(n,d)−1
k=0 , we have that

q(n, d) ≥ 2 for all values of n, p ≥ 2 and any γ ∈ C∗.

(6) There are d order-one prepoles (preimages of 0) occurring at pj = ωj(−γ)
1
d .

There are also several published statements closely related to the next result (it
follows from [6], Proposition (Dynamical Symmetry)) and is proved in [16], Lemma
2. Lemma 2.2 also follows from Proposition 2.1 proved below. We define the Fatou
set of a rational map f , F (f) to be the open set of points z ∈ C∞ on which the
family of maps {fn}n∈N is normal near z. The Julia set, J(f) is C∞ \ F (f).

Lemma 2.2. For each fixed pair n, p, denote by Ω the d = n+ p roots of unity as
above. Every map of the form fn,p,γ = fγ satisfies:

(1) F (fγ) = ωj F (fγ), j = 1, . . . , d− 1.
(2) J(fγ) = ωj J(fγ), j = 1, . . . , d− 1.

(3) If γ ∈ R, then J(fγ) = J(fγ) and F (fγ) = F (fγ), where z denotes complex

conjugation and for any set A ⊂ C, A = {z : z ∈ A}.
(4) For any γ ∈ C∗, J(fγ) = J(fγ).

The main difference between studying the dynamics of the maps fn,p,γ and
parametrized families of elliptic functions is that for every lattice Λ, ∞ is not
in the domain of ℘Λ, but is in the Julia set. For meromorphic maps on C that
do not extend to rational maps, the Fatou set of a function, F (f) is the set of
points z ∈ C∞ such that {fn}n∈N is defined and normal in a neighborhood of z
and the Julia set is the complement of the Fatou set on the sphere [2]. Notice that

C∞\
⋃

n≥0 f
−n(∞) is the largest open set where all iterates are defined. If f has

at least one pole that is not an omitted value, then
⋃

n≥0 f
−n(∞) has more than

two elements. Since f(C∞\
⋃

n≥0 f
−n(∞)) ⊂ C∞\

⋃
n≥0 f

−n(∞), Montel’s theorem
implies that

J(f) =
⋃
n≥0

f−n(∞).

The pole of ℘Λ at zero corresponds to the poles of f2,2,g (see the connection laid
out in Lemma 1.1 and in Section 4), but in the first case, prepoles end up in J(℘Λ)
and, in the other, they are in F (fγ). However making the right adjustment reveals
many similarities between the families, including at the level of parameter space
(compare, e.g., [7], [12], and [14]).

The next result relates the value of the map at γ = 1 to all other parameters γ,
highlighting the nonlinear dependence on the parameter values. We denote by Sn,p

the standard map

(6) Sn,p(z) ≡ S(z) = zn +
1

zp
.

The identities in the next proposition are related to some classical identities for
Weierstrass ℘ functions. Equation (11) appears in [7].
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For simplicity of notation, when there is no ambiguity about n and p, we write

(7) fγ(z) = fn,p,γ(z) = zn +
γ

zp
.

Proposition 2.1. For any integers n, p ≥ 2, any γ, k ∈ C∗, and setting d = n+ p,
the following identities hold for fγ and for all z ∈ C,

fγd(γz) = γnS(z),(8)

fγ(γ
1/dz) = γn/dS(z),(9)

fkγ(k
1/dz) = kn/dfγ(z),(10)

fγ(ωjz) = ωn
j fγ(z).(11)

There are analogous identities for the derivative of fγ , following from this basic
one

(12) f ′
γd(γz) = γn−1S′(z).

Proof.
fγd(γz) = (γz)n + γd/(γz)p

= γnzn + γnγp/γpzp = γn(zn + 1/zp).

Then (9) – (11) follow immediately from (8).
Letting mγ(z) = γ · z,

d

dz
[fγd ◦mγ ](z) = f ′

γd(γz) · γ

= γ

(
(γz)n−1 − pγd

(γz)p+1

)

= γnzn−1 − pγd+1

γp+1zp+1

= γn
(
zn−1 − p

zp+1

)
= γnS′(z).

Therefore (12) holds. �
Using Proposition 2.1 we obtain several results about special critical points and

values.

Proposition 2.2. For integers n, p ≥ 2, consider the maps fγ as defined in (7)
and (1). Then the following hold:

(1) Choosing γ = n
p , for the map fγ , we have c0(γ) = 1, cj(γ) = ωj and

e0(γ) = 1 + n
p . (The critical points are the set Ω.)

(2) There exists a unique number κ = γ(n, p) > 0 such that the real critical
value of fκ, e0(κ) = 1. In particular,

κ =
(n
d

)(p
d

)p/n

.

(The critical values are mth roots of unity for some m ≥ 2.)
(3) For each j = 0, . . . , d − 1, let ρj = ρj(γ) = {tcj(γ) : t > 0} denote the ray

in the direction of the critical point cj. Letting Rγ = {ρj}d−1
j=0 denote the

set of critical rays, we have

f(Rγ) ⊂ Ωn ·Rγ = {ω · z : ω ∈ Ωn, z ∈ ρj(γ)} ⊂ Rγn .



CONNECTED JULIA SETS 31

Proof. Fix (n, p). The first statement follows from Lemma 2.1(3). We consider the
map S(z) from equation (6). Its positive critical point is the positive real root of
zd = p

n ; we denote it by b0 = (p/n)1/d. Then the critical value

(13) e0 = e0(1) = S(b0) =
( p

n

)n
d

+

(
n

p

) p
d

≥ 1.

Using Proposition 2.1(9), we set κ = e
− d

n
0 , choosing the real nth root.

Then

fκ(c0(κ)) = fκ(κ
1/db0) = κ

n
d S(b0) = κ

n
d e0 = 1.

One can verify directly that κn/de0 = 1 if we use the formula given for κ in (2):

setting κ =
(n
d

)(p
d

)p/n

, we have that

(14) κ
n
d =

(n
d

)n
d ·

(p
d

) p
d

,

and (2) follows easily by multiplying equations (13) and (14). To prove (3), we note
that by Proposition 2.1,

fγ(cj) = ωn
j fγ(c0) = ωn

j e0(γ) = ωn
j α

n/de0(κ) = ωn
j α

n/d = ωn
j (α

n)1/d,

where α = γ/κ. Since α is a positive multiple of γ, for some t > 0, fγ(cj) = ωn
j tci

for some i. �

We now give a general formula for the critical values.

Corollary 2.3. The critical values of fγ are ek =

(
d

p

)
cnj , where cj = cj(γ), j =

0, . . . , d− 1 are the critical points.

Proof. We use Proposition 2.1 and Proposition 2.2(1) to see that: cj(γ)=γ1/dcj(n/p)

= γ1/dωj ; then we calculate the critical values,

fγ(cj(γ)) = γn/dfn/p(cj(n/p)) = γn/dωn
j (

d

p
) = cj(γ)

n d

p
.

�

We can control the postcritical behavior of fn,p,γ and hence the dynamics using
the identities proved above. We note for example that whenever n = p, the value
γ = 1

4 always yields a critical value 1.

Corollary 2.4. For any fixed n, p, and any T > 0 the critical values of fn,p,γ
satisfy |ej | = T if γ = κg, with g = T

d
n and κ the value from Proposition 2.2.

We obtain a precise count on the number of critical values.

Corollary 2.5. For fn,p,γ , let r = GCD(n, p), then q(n, p) = d/r = |Ωn| (where the
set of distinct critical values is denoted {ek}q(n,p)−1

k=0 as in Lemma 2.1). When γ > 0,

the angles of the critical values, i.e.,
{

ek
|ek|

}
k≥0

, form a nontrivial multiplicative

subgroup of the dth roots of unity.

Proof. We use Corollary 2.3 and the basic arithmetic properties of roots of unity.
�
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Example 2.6. The results above allow us to find explicit parameter values for a
variety of dynamical behavior. We give a few examples:

(1) For fixed n, p ≥ 2, with d = n + p, we can find γ = k that has a critical
point as a critical value by solving

(15)
( p

n

)1/d

k1/d =

(
d

p

)n/d

kn/d

for k. We then see that whenever

(16) k =

(
d

p

)d/(1−n)
n

p
,

we obtain a positive critical point for fγ , c0 =
(p
d

)1/(n−1)

, which is also

a fixed point. Hence by taking all the n − 1 roots, (15) and (16) are used
to obtain the centers of the cardioids of the principal Mandelbrot sets as
studied in many papers, including [3], where a different equivalent formula
for (16) is given without proof.

(2) An example to illustrate (1) occurs if we set n = 2, p = 5, and choose

γ =
2 · 56
77

;

we see that the real critical point c0 = 5
7 is fixed, and all the rest of the

critical points of the form cj = ωj · 5
7 , j = 1, . . . , 6 are periodic of period 3.

(3) Using again the values n = 2, p = 5 and applying Lemma 2.1(6), choosing

γ = −
(
2255

77

)
,

we obtain critical values that land on the pole at 0 under fγ .
(4) With the same values of n and p we can solve explicitly for a value of γ ≈

−.17068, using Corollary 2.4 (and a messier formula), such that fγ(e0) = e0
and f ′

γ(e0) > 2.5.

There is a lot of symmetry within each Fatou component as well and this has
been discussed in many papers (e.g., [7]). We prove a lemma which follows from a
result proved in ([7], Symmetry Lemma).

Lemma 2.7. Suppose U is a Fatou component of fγ containing two distinct critical
points ci and ck, but does not contain either 0 or ∞. Then all critical points
cj , j = 0, . . . , d− 1 are in U , U contains a closed loop surrounding the origin, and
U is not simply connected. Additionally, all the critical values {e0, e1, . . . , eq(n,p)−1}
are contained in one Fatou component.

Proof. Suppose cj = ωmci and ci lie in U , m ≥ 1. We let α : [0, 1] → C be
a continuous curve in U such that α(0) = ci and α(1) = cj . We now consider
ωmα defined by ωmα(t) = ωm · α(t). This curve goes from cj to cj+m, lies in
the Fatou set by symmetry, so lies in U since cj ∈ U . We concatenate the curves
α, ωmα, ω2

mα, · · · , ωd−1
m α to obtain a closed curve α̃ starting and ending at ci, and

staying a bounded distance away from 0 and ∞ (since they are each in the center
of an open ball not intersecting U). Note that α might wind around the origin a
few times, depending on n, p, i, j, and k.
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Clearly fγ(α̃) is a closed curve which contains all the critical values, and lies in
a single component of F (fγ), namely fγ(U). �

While in its original appearance in [7], Lemma 2.7 was used to prove the existence
of McMullen domains, we use it to rule out certain types of behavior in the proof
of Theorem 3.2. We note that the image curve fγ(α̃) in the proof of Lemma 2.7
could lie in the Fatou component containing 0, and this can result in a “Cantor set
of circles” in the Julia set described in [7].

3. Connectedness of the Julia set

In this section we prove the folklore connectedness theorem for Julia sets of
the form given in (1). The theorem has been stated and used quite often, but
only proved in some special cases. Again, throughout this section we fix arbitrary
integers n, p ≥ 2. We begin with a few observations about the valency of points for
fn,p,γ . From the discussion above, there are exactly n+p+2 distinct critical points
of fγ ≡ fn,p,γ (defined in equations (1) and (7)). Let v(z0) denote the valency of
fγ at z0; i.e., the number of solutions of y = fγ(z0) at z0. Let c0, . . . , cd−1 be the
critical points defined in Lemma 2.1(3), so v(cj) = 2 for each j. Then we also have
that v(0) = p and v(∞) = n. For all other z ∈ C, v(z) = 1.

We use the following version of the Riemann-Hurwitz relation.

Proposition 3.1 (see [1]). Let U �= C be a simply connected domain bounded by
a Jordan curve, and let W be a connected component of f−1

γ (U). Suppose there
are no critical values of fγ on ∂U . Then there exists an m ∈ N such that fγ is an
m-fold map of W onto U and

(17) χ(W ) = m− δ(W ),

where δ(W ) =
∑

z∈W (v(z) − 1) =
∑

crit pts c∈W (v(c) − 1) and χ(W ) is the Euler
characteristic of W .

Corollary 3.1. For a rational map of the form fγ of degree d, assume that no
two critical points of the form cj , j = 0, . . . , d − 1 lie in the same component of
F (fγ). Let U be a simply connected domain contained in F (fγ), bounded by a
Jordan curve and suppose there are no critical values of fγ on ∂U . Let W be a
connected component of f−1

γ (U).

(1) If there are no critical values in U , then f−1
γ (U) consists of d disjoint

homeomorphic copies of U .
(2) If there is one critical value u1 in U , coming from one (or more) dis-

tinct simple critical points, then f−1
γ (U) consists of s simply connected re-

gions, W0, . . . ,Ws−1, each a homeomorphic image of U bounded by a Jor-
dan curve, with Wk containing no critical point and V0, . . . , Vt−1, simply
connected domains, such that fγ maps each Vt onto U by a 2-fold ramified
covering map (and each Vk contains a simple critical point of the form cj).

(3) If the critical value ∞ ∈ U , then U contains the image of the multiple
critical points 0 and ∞ (of multiplicity p− 1 and n− 1 respectively). Then
W = f−1

γ (U) consists of two simply connected regions, W0 containing 0
and W1 containing ∞; then fγ gives a p-fold branched cover of U by W0

and an n-fold branched cover of U by W1.
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Proof. (1) is straightforward since fγ is d-to-one. To show (2), if U contains one
critical value, then by hypothesis each component W ⊂ f−1

γ (U) must have zero or
one critical point in it. If W contains no critical points, then f is a univalent map
from W to U , and W is simply connected. If W contains one critical point, then
it is simple so fγ gives a 2-fold ramified cover of U by W and by Proposition 3.1,
χ(W ) = 1, proving (2). To see that (3) holds, under the hypotheses given, there
are 2 possibilities: either there is one component of f−1

γ (U), call it W , and then
W necessarily contains both 0 and ∞, or there are two components, W0 containing
0, and W1 containing ∞. Assuming W = f−1

γ (U) is connected, by the Riemann-
Hurwitz formula from Proposition 3.1,

χ(W ) = (n+ p)− ((n− 1) + (p− 1)) = 2.

However, this implies that W is the sphere, which is impossible since J(fγ) �= ∅.
Therefore the second possibility gives (3) since

χ(W0) = p− (p− 1) = 1, and χ(W1) = n− (n− 1) = 1. �

We now turn to the proof of the folklore connectedness theorem, which has been
alluded to many times in the literature, but for which no proof is found. This
result, together with the trichotomy theorem for escaping critical points [7], gives
a complete picture of the connectivity of J(fn,p,γ) for all integers n, d ≥ 2. A proof
of the connectivity when n = p = 2 appeared in [4] and [5], and using a different
method, can be found in a preprint [8] that proves it for any n = p ≥ 2.

Theorem 3.2 (folklore Julia set connectedness theorem). Assume n, p ≥ 2 are
integers, and

fγ(z) ≡ fn,p,γ(z) = zn +
γ

zp
.

If there is a bounded critical orbit, then J(fγ) is connected.

Proof. Let A∞ denote the attracting basin of the superattracting fixed point at ∞,
and let B∞ be the immediate attracting basin (the component of A∞ containing
∞.) Set d = n + p and let cj , j = 0, . . . , d − 1 denote the nonzero critical points
in C. Recall that if there is one bounded critical orbit, then all of the cj ’s have
bounded orbits by Lemma 2.1(3) and Proposition 2.1(11).

Step 1. We show first that if {cj}d−1
j=0 ∩ A∞ = ∅, then every component of A∞ is

simply connected. Consider any closed loop l ⊂ A∞ such that l is contained in a
component A ⊂ A∞. By definition of A∞, there exists a small open ball U ⊂ B∞
and a k ∈ N such that fk

γ (l) ⊂ U ; by making U smaller if needed (and k larger),
we assume that ∂U contains no critical values and on U , f is locally conjugate to
z �→ zn.

We now apply Corollary 3.1(3) to each component of f−1
γ U ; letW1 be the compo-

nent containing ∞ and W0 the component of f−1
γ U containing 0. By the Riemann-

Hurwitz formula, both are simply connected. We now proceed by induction on j
to show that all components of f−j

γ (U) are simply connected for j = 1, . . . k. Given

a simply connected component W of f−j
γ (U), only (1) or (3) of Corollary 3.1 can

occur, and one of them must occur. In either case, W is simply connected. This
implies that l shrinks to a point in A.

Step 2. Suppose next that there are no nonrepelling cycles for fγ other than the
fixed point at ∞. This assumption, together with the hypothesis that there is a
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bounded critical orbit implies that F (fγ) = A∞ and that a critical point cj ∈ J(fγ)
for some cj (otherwise it would be attracted to ∞). Then every ci ∈ J(fγ), i =
0, . . . , d− 1. By Step 1, all components of F (fγ) are simply connected so J(fγ) is
connected.

Step 3. The only other possibility is that there is a nonrepelling cycle in addition
to the fixed point at ∞. Then the cycle lies in C, and we have one of the following:
(1) an attracting (or superattracting) periodic cycle; (2) a parabolic periodic cycle;
or (3) a cycle of Siegel disks. The existence of a Herman ring was ruled out in [16],
with a different proof for the case n = p in [8].

By symmetry of the Julia and Fatou sets in Lemma 2.2, at most one of these
types can occur (although there can be more than one cycle and the periods of
different cycles might not all be the same). Therefore each of the critical points cj
is associated with a nonrepelling cycle, and there is only one type of (1)–(3) for all
the cj . By working with a higher iterate of fγ if necessary, and since J(fm

γ ) = J(fγ)
for all m ≥ 1, we assume fγ has a nonrepelling fixed point (or several of them) of
types (1), (2), or (3).

Consider any component B ⊂ F (fγ) \ A∞ and a closed loop l ⊂ B. Since B
must be preperiodic, there is an integer k such that fk

γ (l) ⊂ U , where U is simply
connected, forward invariant, and is either an immediate basin of attraction for an
attracting cycle, a Leau domain for a periodic parabolic point or a Siegel disk in
a cycle of Siegel disks. We can assume by making U smaller that ∂U contains no
critical value.

Step 4. If fγ has a Siegel disk S, then S is simply connected and we can assume
that U = S. Therefore fγ |U is conjugate to an irrational rotation. Then U cannot
contain any critical point (because irrational rotation is univalent) or critical value
because the boundary of the Siegel disk is contained in the closure of the forward
orbits of some critical point and therefore there must be at least one critical value
ei in the Julia set. By symmetry none of the ej ’s can approach ∂U from inside
F (fγ) [15]. Therefore U contains no critical values. Moreover all cj must lie in
J(fγ) and therefore by Corollary 3.1 (1) and Step 1, all components of F (fγ) are
simply connected and the theorem holds.

Step 5. Claim 1. Each connected component in F (fγ) \ A∞ contains at most
one cj and at most one ek. We defer the proof of Claim 1 to Step 6. Assuming
that Claim 1 holds, we show using induction on k that each component f−k

γ (U)
is simply connected. The case k = 0 holds since U is simply connected. We
now assume that all components of f−k

γ (U) are simply connected; consider one

component U0 ⊂ f−k(U), which by assumption is simply connected. If U0 contains
no critical value, then by Corollary 3.1(1), f−1

γ (U0) consists of d homeomorphic
images of U0 so each is simply connected. If U0 contains ej , for some j, then by the
claim this is the only critical value and it is the image of some simple critical points
ci. Then by Corollary 3.1(2) we have that each component of f−1

γ (U0) is simply
connected. By adjusting the original choice of U a little (and at most finitely many
times), we can assume that each simply connected component of f−j

γ (U) contains
no critical value in its boundary and contains either 0 or 1 critical value in it, so we
repeat the argument to see that every component of f−k

γ (U) is simply connected,
so l shrinks to a point and J(fγ) is connected, and the theorem is proved.
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Step 6. Proof of Claim 1. If F (fγ) = A∞, the claim is trivially true. Herman rings
do not exist for fγ , and the claim was proved under the assumption that there is
a cycle of Siegel disks for fγ in Step 4. Therefore by Step 3, it suffices to assume
there is an attracting or parabolic cycle with forward periodic Fatou component C;
by passing to a higher iterate, assume that fγ(C) = C. We know that C contains
at least one critical point (see for example [15], Theorems 8.5 and 10.15); suppose it
has more than one cj . Then C contains all of the critical points by Lemma 2.7 and
is not simply connected. Moreover there is a closed continuous loop α ⊂ C going
around the origin and passing through every cj ; it can be chosen to be invariant
under multiplication by any ωj by Lemma 2.7. Because 0 and ∞ are in A∞, and
A∞ is open, there exists some ε > 0 such that diameter(α) > ε. Let p be the
attracting (or parabolic) fixed point associated to C; p ∈ C. Since α is compact
and C is forward invariant,

(18) lim
n→∞

sup
z∈α

|fn
γ (z)− p| = 0.

Recall that Rγ = {ρj}d−1
j=0 are the critical rays from Proposition 2.2(3). Since

p /∈ A∞, set

(19) η = max
ρj∈Rγ

|p− ρj | > 0,

where

|p− ρj | = inf
z∈ρj

|p− z| ≥ 0.

Note that |p−ρj | = 0 if and only p ∈ ρj . Then if i �= j, |p−ρi| ≥ η(d, ε) > 0, so that
η > 0 in equation (19). We show by induction on k that for every k, fk

γ (α) contains

a point on every critical ray; i.e., fk
γ (α) ∩ ρj �= ∅ for each j. This statement is true

for k = 0; assume that αk ≡ fk−1
γ (α) contains a point on every critical ray. Then by

Proposition 2.2, fγ maps the critical rays into ΩnRγ ⊂ Rγn , so fγ(αk) must pass
through every critical value ray, which then means every critical ray. This holds
because the critical rays lie on or between the critical value rays, there are at least
two critical value rays, and their angles are evenly spaced around the circle (they
could be negatives of each other). Using continuity of fγ on αk and symmetry of
F (fγ), the path fγ(αk) = fk

γ (α) intersecting two distinct critical value rays and not
intersecting A∞, takes on every angular value between 0 and 2π. Therefore using
equation (19), maxz∈α |fk

γ (α) − p| ≥ η > 0, contradicting equation (18). Hence
there is at most one critical point in C and the claim is proved. �

4. Examples

In this section we continue to compare the Weierstrass elliptic function with
corresponding members of the family fγ with an explicit example. For lattices
with extra symmetry, the comparison is quite good. We consider the Weierstrass ℘
function ℘Λ using (g2, g3) = (0, 6). From [11] (see also [9]) we know the following
about ℘Λ:

Example 4.1. The function ℘Λ using (g2, g3) = (0, 6) satisfies

(1) ℘Λ(z) =
1
z2 + 3

14z
4 + O(z10) (all coefficients of zm,m ≥ 10 are zero unless

m+ 2 is divisible by 6).
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Figure 1. The graphs of ℘Λ (thin), f4,2,3/14 (thick), and x = y
(dotted line) near 0

(2) The period lattice Λ(0, 6) is real triangular (a fundamental period is a
quadrilateral made from 2 equilateral triangles, with symmetry about the
real axis); therefore F (℘Λ) = e2πi/3F (℘Λ).

(3) The three critical values are the cube roots of g3/4 = 3/2; they are e0 ≈
1.1447, e1 = e2π/3e0, and e2 = e4π/3e0.

(4) If Λ has side length λ > 0, then there are six critical points symmetric
about 0 at all half lattice points, which are located approximately at: c0 ≈
1.13498, c1 = e2π/3c0, c2 = e4π/3c0, and c4 = −c0, c5 = −c1, c6 = −c2.

(5) ℘Λ has attracting fixed points at p0 ≈ 1.14512, p1 = e2π/3p0, and p2 =
e4π/3p0 and is structurally stable if we vary (g2, g3). We have real deriva-
tives ℘′

Λ(pj) ≈ .08 for each j.

We make parallel statements for the map P4,2,3/14, which is conformally conju-
gate to f4,2,3/14, by Lemma 1.1.

Example 4.2. For the map P4,2,3/14:

(1) There are three distinct critical values at e0 = 3
2

(
3
7

)1/3 ≈ 1.1309, e1 =

e2π/3e0, and e2 = e4π/3e0.
(2) There are 6 nonzero critical points in C located approximately at: c0 ≈

1.1517, c1 = e2π/3c0, and c2 = e4π/3c0; the remaining 3 are the negatives
of these.

(3) P4,2,3/14 has attracting fixed points at p0 ≈ 1.1322, p1 = e2π/3p0, and p2 =

e4π/3p0 and is structurally stable if we vary 3
14 . We have real derivatives

P ′(pj) ≈ −.134 for each j.

Obviously for the conformally conjugate map f4,2,3/14 we have the same properties
at slightly different locations.

We show the graphs of these two maps near 0 in Figure 1. Illustrations for results
in this paper about Julia sets appear on the author’s website.
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