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INTRODUCTION 

In this paper we study the question of which countable amenable ergodic 
equivalence relations can be realized as C” group actions on manifolds. It 
has been proved that every countable equivalence relation which is 
amenable, nonsingular, and ergodic is orbit equivalent to an ergodic 
integer action on a measure space [CFW]. Katznelson showed that any 
ITPFI ergodic equivalence relation is orbit equivalent to some C” 
diffeomorphism of the circle. He also proved that every ergodic C’ 
diffeomorphism of the circle generates an amenable ITPFI equivalence 
relation [ Ka]. 

In an unpublished preprint, R. Wong gives an explicit description of a Z 
action which has as its Poincare flow any prescribed aperiodic ergodic flow 
of a measure space [WI. Earlier, C. Series had given an example of an 
amenable foliation in each orbit equivalence class [Se]. Hamachi and 
Osikawa have published examples of groups of automorphisms in all 
possible orbit equivalence classes [HO]. In [Ha] a method was given for 
constructing a diffeomorphism of a manifold whose Poincare flow is any 
prescribed smooth measure-preserving flow of (another) manifold. In fact 
all of the above-mentioned examples are similar and are based on a 
theorem of Krieger which proves that two actions are orbit equivalent if 
and only if their Poincare flows are isomorphic [Kr]. Recently it has been 
shown that every ergodic measure-preserving flow is isomorphic to a C” 
flow on an open two-dimensional manifold [AOW]. 
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This solves the problem for measure-preserving and approximately 
transitive flows; that is, actions whose Poincare flows fall into these 
categories are orbit equivalent to smooth integer actions on manifolds. It 
remains to determine if arbitrary amenable countable ergodic equivalence 
relations with non-measure-preserving Poincare flows can be realized as 
diffeomorphisms of manifolds; we give a partial answer here. 

We show that given any aperiodic ergodic C’ flow on a smooth 
manifold N, there exists a pair of commuting diffeomorphisms on 
T2 x N x R which generates an ergodic group of diffeomorphisms with that 
prescribed flow as its Poincare flow. In Section 1 we give the necessary 
definitions and notation. Section 2 contains the construction and some 
remarks about attempts to strengthen the results. In Section 3 we construct 
diffeomorphisms that are orbit equivalent to the Z x Z actions of Section 2. 
We also give a general method for constructing diffeomorphisms that are 
orbit equivalent to amenable Lie group actions. 

1. DEFINITIONS AND NOTATION 

Let (X, Y, ,u) denote a Bore1 space with p a probability measure on 
(X, 9’). We define f to be a nonsingular ergodic transformation of (X, 9, p) 
if p-f,p (where f,p(A)=p(f-‘A) for every AEY) and if every 
f-invariant set BE Y satisfies either p(B) = 1 or p(B) = 0. We define the 
group Aut(X, 9, p) = {g: (X, 9, p) 3 such that g is invertible p-a.e., 
bimeasurable, and nonsingular 1. The full group of f~ Aut(X, Y, p) is 
defined by [f] = {g E Aut(X, 9, p) : g(x) = .f”“‘(x) for ,u-a.e. x E X, with 
n: X-+ Z a measurable map}. 

DEFINITION 1.1. Two transformations f, g E Aut(X, Y, p) are orbit 
equivalent if there exists a bimeasurable invertible (p-a.e.) map Ic/ : X-+ X 
with II/, p - ,u and such that $(f-orbit of x) = g-orbit of (tjx) for p-a.e. 
x E x. 

DEFINITION 1.2. A real-valued cocycle for a transformation f is a Bore1 
map a : Z x X + R satisfying: 

(i) p{x:f”x=x}n{x:a(n,x)#O}=O, and 
(ii) a(n + m, x) = a(n, ,f”x) + a(m, x) for ,u-a.e. XE X. 

The essential range of the cocycle a, denoted E(a), is the set of all i E R 
such that for any A E 9, p(A) ~0, and E> 0, there exists n E Z such that 
p(A n f “A n (x: I a(n, x)-I. / <E}) > 0. The essential range of an 
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R-valued cocycle forms a closed subgroup of R [SC]. We say that f is of 
type III r if 

DEFINITION 1.3. A one-parameter group { U,},, R of automorphisms of 
(X, 9, p) is a measurable nonsingular flow if the map (x, s) H U,,x from 
X x R to X is measurable, and each U, is nonsingular on X. If $ : X + R is 
measurable and satisfies I(/( U,x) = Q+(X) for p-a.e. x E X and for every s E R, 
then $ is called a {U,<}- invariant function. If { U,} admits no nonconstant 
invariant functions then we say that {U,%} is an ergodicflow. This is equiv- 
alent to saying that the only {US}- invariant measurable sets have measure 
1 or 0. Two flows U,: (X, <4p, p) 3 and U:: (X’, 9’, p’) 3 are isomorphic if 
there exists an invertible bimeasurable map p: X+ X’ such that p*p m p’ 
and satisfying U:p(x) = PU,~(X) for p-a.e. x E X and every s E W. 

We consider the integer action of an ergodic element ,f~ Aut(X, ,40, p) 
and we define on Xx R another Z action as 

Sf(X, t) = 
( 

fx, t + log F(X) 
) 

for every (.u, ~9) E Xx R; 

this transformation generates the action. By (Xx R, .4p x 8, p x m) we will 
denote the measure space obtained by forming the Cartesian product of 
(X, 9, cl) with (R, 9, m), where m denotes Lebesgue measure on R, and 
9’ x 9 denotes the product a-algebra formed in the usual way. 

DEFINITION 1.4. A map rc from X x R! onto a Lebesgue space ( Y, 99, v) 
is called a factor map with respect to S, if it satisfies: 

(1) x -‘(A)E~xX if and only if AE98. 
(2) p(z-‘A)=0 if and only if v(A)=0 for any AEB. 
(3) 71oS,(x,t)=n(x, t) for a.e. (x,t)~XxR. 
(4) If II/: Xx R is an Sf-invariant function, then there is a function 

4: Y -+ IR such that $(x, t) = tj(rc(x, t)) for p x m-a.e. (x, t) E Xx R. 

The following lemma states that factor maps are unique up to 
isomorphism. 

LEMMA 1.5 [HO]. Let rc, and 7c2 be factor maps from (Xx R, .Y x 9, 
p x m) onto Lebesgue spaces ( Y, , &?, , v, ) and (Y,, B2, v,), respectively. 
Then there exists an isomorphism 4 : ( Y, , B, , v, ) + ( Y,, 9?12, v2) satisfying 
d(7c1(x, t)) = 7r,(x, t)for a.e. (x, t) E Xx R. 
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Let [(f’) denote a measurable partition which generates all S/-invariant 
sets, and let n, denote the natural surjection from Xx 1w onto the measure 
space Xx iw/i(.f‘). It is easy to see that n, is a factor map with respect to 
S,. We now define a flow on Xx [w by T,(.Y, t) = (.\-, t + ,s) for every 
(.u, t) E X x If%, SE [w. Since S, commutes with ( T,], the image under 71, of 
{T,} is a flow on (Xx iw/<(,f’), 9, pLy) defined by ~~(n,(x, t)) = x,(T,(x, t)). 
Kreiger proved that orbit equivalent ergodic elements of Aut(X, 9, p) give 
rise via the above construction to isomorphic flows, and every ergodic, 
nonsingular aperiodic flow arises in this way [Kr]. This flow has been 
given different names in the literature; we will use Poincare flow. 

DEFINITION 1.6. The Poincarh flow for an ergodic element 
J’E Aut(X, .Y, p) is the isomorphism class of the flow constructed above. 
Furthermore, if G denotes an ergodic group of transformations of 
Aut(X, 9, p), then we obtain a G action, SC;, of Xx [w as above. We can 
repeat the above process to obtain an isomorphism class of flows for the 
G action which we call the PoincarPjlo1~~,for the action. 

In this paper we will be considering the Poincare flow and factor maps 
for Z and Z x Z actions on smooth manifolds. 

2. THE CONSTRUCTION OF A GROUP OF DIFFEOMORPHISMS 
WITH A PRESCRIBED POINCARB FLOW 

We begin with any C” flow { UJ},VEIW of a smooth connected paracom- 
pact manifold (N, g’, v), where v is a (CT ) representative of the smooth 
measure class on N and @ denotes the a-algebra of Bore1 sets. We assume 
further that { U,} is aperiodic and ergodic with respect to v. If { U,} preserves 
a measure which is equivalent to v, then a diffeomorphism of Z” x N 
which has {U,,} as its Poincare flow has been constructed in [Ha]. There- 
fore we will assume that {U,,} does not preserve any smooth measure, or 
equivalently, that the cocycle log(dvU,,/dv) is not a measurable coboundary 
for the [w action given by {U,} (cf. [HO] or [SC] for details). 

We will denote by 6,,(y) the cocycle log(dvUi,/dv) at the point y E N, 
and when the flow {U,} is clearly understood we will simply write 6,(y). 
Similarly, for an integer action generated by a single transformation f, we 
will write 6, for the log of the Radon-Nikodym derivative. 

We now consider any type III, diffeomorphism of 7” = Iw/Z; such dif- 
feomorphisms exist by [Ka] or [He]. By definition p is an admissible 
measure for f if there exists an ergodic subgroup H c [f] such that for 
every V E H, (& V/&)(x) = 1 for p-a.e. x E T ‘; furthermore p is f-admissible 
implies that the set {(d&“/+)(x), n E Z) is dense in tQ+ for p-a.e. XE T1. 
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Such measures exist by [HO]; we choose an admissible measure /J for f 
such that p-m, where m denotes Lebesgue measure on T’. We remark 
that although p may not be C”, it is equivalent to m so that later on in 
our construction we can conjugate back to a smooth representative in the 
measure of class of p. 

We now define a group of diffeomorphisms of Tz x N x R which is 
ergodic and has {U,} as its Poincart flow. The group is generated by two 
commuting diffeomorphisms of T2 x N x R, so gives an ergodic Z x Z 
action. Although this is not a singly generated integer action, it is clearly 
amenable. 

We choose two type III, diffeomorphisms of T’, say f‘ and g with 
admissible measures for each denoted by p.r and pn: then the generators for 
the desired action are, for each (x,, x2, .Y, t) E T’ x T’ x N x lF8, 

and 

F2(X,,X2, Y, t)= XI, gx,> Y, t-log 
( 

y (x2)). 

d 

Then 

F, “F,b, 5 x2, y, f) = 
( 
&fx, 2 gx2, ~,,,Y,,(Y)~ 

f-log y (JJ) - &,(X2)) 

This gives a Z x Z action: for each (m, n) E Z x Z we have G’“‘,“‘= F;‘o F;. 
It is clear that for each (m, n) E L x B, G”“,“) either is a C” diffeomorphism 
or is isomorphic to one (by replacing the admissible measures pl. and ,uR by 
Lebesgue measure if necessary). 

We first prove that the action is ergodic with respect to the smooth 
measure class on the manifold T2 x N x R. 

LEMMA 2.1. The Z x Z action defined above is ergodic with respect to 
pfxp,xvxm on T’xNxiR. 

Proof: We assume that Cc T2 x N x R! is a measurable set which is 
invariant under G(“,“) for each m. n E Z x Z. By holding n = 0 and by 
considering an ergodic measure-preserving element of the full group off, 
say VE [f], then we see that up to a set of measure 0, C= T’ x C, with 
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C, c T’ x N x R (since C is invariant under (.x,, .\-?. .r, t) + ( V.v,, .r2, j’, f)). 
Now setting m = 0, and letting TZ range over all the integers, since g is of 
type III, we see that Fz has an ergodic component of the form A x T’ x R! 
with AC T’ x N, so C, = T’ x A, x R with A, c N. Finally, from the fact 
that j’is of type III,, it follows that (f; U,,,) is itself ergodic on T’ x N (cf. 
[Ha]), so A, = N, and modulo a set of measure 0, we have shown that 
C = T’ x T’ x N x R, so the action is ergodic. fi 

We now show that the Poincare flow associated with this group of trans- 
formations is { U, 1, t R by proving that the map rr: T2 x N x R2 + N defined 
by 4x,, 3-23 Y, t2) = U (,, + ,2) _ (1’) is a factor map. We consider the space 
T2 x N x R2 with the smooth product measure ;’ = ,u, x pup x v x dr, x u’t, and 
the map 

Since the Jacobian matrix for each G (“L”) is easy to calculate in local coor- 
dinates, it is not hard to see that 

dy G(“‘.“’ 

LEMMA 2.2. The map 71: T2 x N x R2 + N given by 71(x,, x2, y, t,, t2) = 
u -u,+r2L 1 f v LS a actor map for the L x Z action S, defined above. 

Proof: We see easily that for any measurable set in N, say A ~99, 
v(A) = 0 if and only if y(rr ‘A) = 0. We next show that rr is S,-invariant. 

Given any (m, n) E Z x Z, we have 

n(Sgqx,, x2, y, t,, t2)) = n 
( 

fW’.~, 9 fx*, U,,m(.,,,(Y), 

t, -log dvus,m(,, , dvua,.r,,,, 
dv (Y) - 6&,), t2 + 6f”?(S,) + 6,4x2) + log dv (I.)) 

=u (1, + l,,(Y) 

=Nx,, x2, I’, t,, t2). 
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We suppose now that $ is an S,-invariant function: for every 
(m, n) E Z x Z and a.e. (x,, x2, y, t,, t2) E 7” x N x R2 we have 
IC/(SgTbQ, y, t1,r2))=$(x*,x 2, y, t,, f2). Since p, is an f-admissible 
measure there exists an ergodic element VE [f] such that 
(&,-V/L&)(X,) = 1 for pr-a.e. X, E T’, and we have $( V-Y,, x2, y, t,, tz) = 
l+qX,) x2, y, t,, f2) = ~(s~“i”~“)(x,, x 2, y, t,, f2)). Therefore Ic/ is constant 
with respect to x ,; a similar argument shows that $ is constant with 
respect to x2. Therefore $ is invariant under the maps 

(Y> 213 t*) t-+ ( U,,,(,,,(Y). 

t, -log 
dvUs,m,r,, 

dv -I,.> tz + 6,4x, I+ 6,&-J + b<~,“,(,,) (Y)) 

forall m,nEZxZ, and yxm-a.e. (.x,,x~, y,t,,t,). 

In particular, setting n = 0 and allowing m to range over all of Z, we 
have Il/(y, f,, f2) = IcI(U,(y), t, - log(dvU,ldv)(y), t2 + s + log (dvu,ldvNy)); 
this follows from the fact that p”r is admissible and the assumption that 
vJ.LR is a continuous flow. Also, setting m = 0, and letting n range over 
all the integers, we have ~(~,t,,t,)=(y,t,-r,1,+r) for all relR (by 
arguments similar to those used above). In particular, setting Y= -t,, it 
follows that ~(y,t,,t,)=ICl(y,t,+r,,O) for a.e. (y,t,,t2)~NxRxR. 
Therefore $ depends on y and t , + t,. Now this implies that $(y, t,, f2) = 
$( U,,( y), t, + t2 +s) for all SE R; setting s = -(t, + tz), we obtain 
$(y, f,, ~2)=~(U~cr,+,z,(~),0), so II/ is a function of U-.(,,+12,. That 
is, we have just shown that there exists a function 6: N + R such that 
$(x, 2 x2, 4’3 f,, f2)=~(U-(r,+,z,(~))=~(71(~,,.~2, Y, t,, f2)) for yxm-a.e. 
(x, , x2, y, t, , f2) E T’ x N x lR2. This proves that rt is a factor map. We have 
just proved the following proposition. 

PROPOSITION 2.3. The Z x Z action on T2 x N x R constructed above has 
vJsLd! as its Poincart! flow. 

COROLLARY 2.4. The group of dijjfeomorphisms on T2 x N x IR’ given by 

G’“,k’b, 3 ~23 Y, f) = c f"x,> $x2, U,og(dm/n,~~m)(;,,(-))), 

r-log dv u,,n,,, , 
dv b-b? 

where m denotes Lebesgue measure on T’ = R/Z and f and g are type III, 
diffeomorphisms qf T’, has { U,,},s, w as it PoincarP flow. 
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Proc?f: Since this Z x Z action is obviously orbit equivalent to the 
action of 2.3, then the Poincare flow is the same (isomorphic). 1 

The next corollary is related to an example of Connes described in [Se]: 
in that paper, it was shown that there is a foliation which gives an 
amenable ergodic equivalence relation in every type III orbit equivalence 
class. The foliation is generated by the action of a nonamenable group. 
Here we show the same result but we obtain continuous L x L actions of 
metric spaces. 

COROLLARY 2.5. Every countable ergodic amenable equivalence relation 
of type III is orbit equivalent to a continuous Z x Z action on a metric space. 
If the PoincarP jlow is {U,} ceIw on the metric space (Y, v), then an orbit 
equivalent L x Z action exists on the metric space T2 x Y x Iw. 

Proof By [Ma] (cf. [Se]) we have that every ergodic aperiodic flow is 
isomorphic to a continuous flow on a metric space. Therefore for any 
countable ergodic amenable equivalence relation, we can assume that its 
Poincare flow is continuous on the metric space (Y, v). We now apply 
Proposition 2.3. 1 

Remarks. (1) It is known that in the case of an ergodic ITPFI rela- 
tion, there exists a C” diffeomorphism of the circle which is in the same 
orbit equivalence class [Ka]. This shows that it is not necessary that the 
dimension of the manifold increase when passing from the flow to the 
original diffeomorphism (or countable equivalence relation). In particular, 

\ in our construction we use a smooth factor map n; our map is as smooth 
as the flow itself. Even though this is a useful technique for producing 
smooth examples, it is of course not necessary. 

(2) It is desirable to produce smooth representatives of orbit equiv- 
alence classes on compact manifolds. In [Ha] it was shown that if {U,} is 
a C” measure-preserving ergodic flow on a compact manifold, then a C’ 
integer action having { U,, } as its Poincare flow can be constructed on a 
compact manifold. 

In this paper we start with a type III smooth ergodic flow of a manifold 
N and produce a Z x L action on T2 x N x R having the original flow on 
N as its Poincare flow. Using now standard techniques of Anosov and 
Herman (cf. [He]) to extend this to an action on a compact manifold leads 
to the following interesting dilemma. We have two commuting generators 
of the action, say F, and F,, on T2 x N x IR; the trick is to take their 
suspension flows on T4 x N x R and then extend them to flows on 
T4 x N x T’. We do this by treating [w as an open set of full measure in T’ 
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and multiplying the generating vector fields by appropriate C” functions. 
Now for almost every (ti , t2) E [w2 we evaluate the new flows at t, and tZ, 
and we end up with two diffeomorphisms: Gi, which is orbit equivalent to 
F,, and G,, which is orbit equivalent to F,. However, G, and G, will not 
in general be commuting diffeomorphisms of T5 x N. (Since if X and Y are 
vector fields of a manifold M, and f and g are differentiable functions on M, 
then [fl, g Y] = fg[X, Y] + f(Xg) Y- g( Yf)X.) This has particularly bad 
consequences when X and Y commute and are linearly independent for 
most x E M as in our case. In fact, a priori, the countable equivalence rela- 
tion generated by G, and G, may not be amenable. This shows that the 
problem of constructing orbit equivalence classes on compact manifolds 
using Z x Z actions is still open. However, in the next section, we pass from 
Z x Z to integer actions and these problems disappear. 

3. BUILDING DIFFEOMORPHISMS FROM OTHER SMOOTH GROUP ACTIONS 

In this section we show how to obtain from a smooth action of a 
connected amenable Lie group on a manifold a diffeomorphism which is 
orbit equivalent to that action. Our method gives a diffeomorphism of a 
higher-dimensional manifold and uses techniques of C. Series and A. 
Ramsay on cocycles and virtual groups. In what follows we will concen- 
trate on our particular construction and mention more general results at 
the end. 

In Section 2 we constructed a Z x Z action on a manifold 
M = T2 x N x Iw, with Poincare flow {U,} on the manifold N. We obtain an 
orbit equivalent a8* action by applying the following lemma. 

LEMMA 3.1. If T,, . . . . T,, generate an ergodic C” aperiodic Z” action on 
a connected, locally compact manifold M, then the suspension R” action on 
T” x M is orbit equivalent to the original action. 

ProoJ: By definition, we first consider the [w” action on M x [w” given 
by F,,,,,, ,..., t,Jm, xl f . . . . x,) = (m, x, + t,, x2 + t2, . ..). we then identify 
Cm, xl, x2, . . . . x,,) with ( TtLTt2 . . . T?m, x1 + k, , . . . . x, + k,) for all 
(k,? . . . . k) E Z”, m E M, and (xi, . . . . x,) E iw”. The induced action on the 
quotient space is clearly a C” [w” action on Mx T” which is also ergodic. 
To show it has the same Poincari flow, we look at the Radon-Nikodym 
derivative of this action and see easily that the flow space is the same, since 
the orbits of the skewed IF!” action are in one-to-one correspondence with 
the orbits of the skewed Z” action. Therefore the Poincare flow of the time 
(1, 1, . . . . 1) mapping of the Iw” action is the same as the flow of the [w” 
action itself (cf. [Se] for more details). 1 
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In our construction we only use n = 2. We next consider an ergodic finite 
measure-preserving action on a manifold K which admits a cocycle which 
is [W2-valued and gives an ergodic skew product extension. Equivalently, we 
want a smooth measure-preserving diffeomorphism and an associated C ‘ 
cocycle with essential range I&?‘. By [He], [N] or using techniques from 
[HS], we can find a well-approximable irrational number r E (0, 1) (a 
Liouville number) so that the transformation R,(x) = x + r (mod 1) gives a 
diffeomorphism of the circle, T’, admitting a smooth (W2-valued cocycle 
4: Z x Ti -+ iw2 satisfying E(d) = Iw’. We now give the construction of the 
desired diffeomorphism. 

A. The New Diffeomorphism 
We begin with our original Z x Z action constructed in Section 2. We 

will let M= T2 x N x 178, and we will denote by F the action described in 
Corollary 2.4; i.e., F: Z x Z x A4 -+ M with F(n, k, m) = G’“,k’(m) as defined 
in Corollary 2.4. Now by F ,,s, t, we denote the associated suspension [w2 
action from Lemma 3.1, an action on M x T2. Using the notation from the 
paragraph above, we choose M E (0, 1 ), and a C” cocycle d : Z x T’ -+ R2 
for the action of R, so that E(4) = [w2. 

We obtain an integer action on T’ x M x T’ defined by 

G’V, m, Y) = (R,,,x, F4c,l. .,(w Y)) for all x E T’, (m, y) E M x T2. 

We claim that the diffeomorphism G generates an action which is orbit 
equivalent to the original Z x Z action F. 

B. Proof That G Is Orbit Equivalent to F 
From our discussion in Section 1, it is sufficient to prove the existence of 

a factor map [ from T’ x M x T2 x [w to N, the flow space (manifold) for 
the original Z x Z action, with respect to the map S, (the Z action defined 
in 1.3 and 1.4; i.e., the skew product of G and the log of the Radon- 
Nikodym derivative of G). 

By Series [Se], there is a “generalized factor map” from T’ x M x T2 x [w 
to M x T2 x [w, say rri , with the following properties: 

(1) If pL, denotes the smooth measure on T’ x Mx T’x [w and p2 
denotes smooth measure on Mx T2 x UT?, then for p2 measurable sets A, 
,u,x;~(A)=O if and only if p2(A)=0. 

(2) 71, is constant a.e. on orbits of G, i.e., if $ is a G-invariant real- 
valued function on T’ x Mx T2 x R, then there exists a function 
$:MxT~xR+R such that I&w)=$(x,u~) for p,-a.e. WET'XMX 
T2 x [w. 
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(3) The 72 action given by SG on 7” x Mx T2 x [w commutes with the 
Iw2 action given by 

SF,,,,@, m, Y, ~1 = ( x, F(,,,,h Y), r + log !I+ (m, y)); 
2 

one easily computes that S,S,,,, (x9 m, Y, r) = SF~.y,l&(x, m, Y, ~1, and 
therefore there is a factor action on T’ x M x T* x R/ - S,, which by [Se] 
is S F(J,,). A proof similar to our proof of Proposition 2.3 can be given. 

Similarly, there is a factor map from Mx T2 x [w to N, call it x2, which 
gives the Poincare flow {U,} on N. We claim that the desired factor map 
is c = rr2 0 rr, : T’ x A4 x T2 x aB + N. This result follows from a much more 
general result of Ramsay [Ra, Lemma 6.91. We sketch the proof below. 

Properties (1) and (2) of Definition 1.4 are clearly satisfied. 
Now i&(x, m, y, r)) = ~2(n,cS,)k m, Y, r) = 7c207t,(x, m, y, r) a.e. 

since n, is S,-invariant, so (3) is satisfied; i.e., c is constant on S, orbits. 
To prove that (4) holds, we suppose that u] is an S,-invariant function. 
Then we can write it as a function of (m, y, r) alone by properties 
of 711, and the function will be invariant under (FdC,,,)(m, y), 
r + 10g(&,F~~, .,/d,n,)(m, y)) for all n E Z, a.e. x E T’. Since E(d) = [w2, q is 
invariant under 

( Fc,,,dm, y), r + log !?!$a (m, J,)) for all (s, t) E [w*, 
7 

and since x2 is a factor map 4 can be written as a function of N alone with 
its value dependent on the {U,} orbit of a point in N as in Section 2. This 
proves that x2 0 rcl is a factor map for G and the Poincare flow is ( U,}. 

We have just proved the following theorem. 

THEOREM 3.2. Given any finite collection of k commuting diffeo- 
morphisms of a mantfold M, there exists a single diffeomorphism of 
Tk x M x iw which is orbit equivalent to the original Z x Z x . . x Z action. 

The same proof gives the corollary. 

COROLLARY 3.3. Let H be a connected amenable Lie group which acts 
ergodically with respect to a smooth measure on a mantfold. Then there 
exists an ergodic dtffeomorphism of a (higher-dimensional) man&old which is 
orbit equivalent to the H action. 

Proof We just apply [He, IV.51 plus the proof of Theorem 3.2. i 
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COROLLARY 3.4. Given un uperiodic C ’ ergodic ,flow~ ( U,, ) on u 
manifold N, there exi.rts u d@omorphism of’ a (higher-dimensional) manifold 
Mlhich has {U,) us its PoincarP ,florr,. 

Remarks. (1) If the original flow { U,, i is an ergodic aperiodic R 
action of a compact manifold N, then using techniques discussed in 
Section 2 (cf. [Ha]) one can construct the diffeomorphism G on a compact 
manifold as well. 

(2) These results show that any measure-preserving flow and any C” 
flow which is aperiodic and ergodic occurs as the Poincarl flow of a 
diffeomorphism of some manifold. It remains to treat the case of non- 
smoothable, non-measure-preserving, and non-AT flows, if such flows exist. 
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