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Let denote a a-finite Lebesgue space. An endomorphism

is a nonsingular countable-to-1 bimeasurable transformation from

onto itself. The Radon-Nikodym derivative of an endomorphism T is

defined as the unique (mod 0)

ing J -1 = for all
T B

T-1 function satisfy-

B E [D]. (We assume throughout that

p is a-finite when restricted to the sub-a-algebra One can

-1show that 0 T. The higher derivatives of Tare

i-1defined by x) (i>O), and

= 1. A measure p is said to be recurrent (with respect to an

endomorphism T) if for every nonnegative measurable function f.

takes only the values 0 and 00 a.e. The

following two lemmas are proved in [Silo

1.1 Lemma. If there exists a positive function f E with

= 00 then is recurrent for T. Hence. in

finite measure. recurrence of is equivalent to = 00.

1.2 Lemma If an endomorphism admits an equivalent recurrent measure

then it is conservative.

The endomorphism T defines an action of the amenable semigroup

(0.1.2.···) on If H is a second countable amenable

1Research partially supported by NSF Grant DMS8418431. 2Research done
while visiting the University of Maryland. College Park. MD 20742.
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group, a cocycle for T is a Borel function a: x X H satisfy-

ing

a(m+n,x) = a(m,Tnx)'a(n,x), for all m,n E and x E X.

Every cocycle a is generated by a Borel function X H with

= a(l,x). Then the cocycle equation gives

a(n,x) = for n > 0.

We shall only consider free actions, i.e., Tnx

n O} = 0. We define TO = identity and a(O,x) = 1 E H.

x for some

If the cocycle a does not depend on x, then a is a homo-

morphism from into H. Therefore either a(n,x) 1 E H for all

n and x, or a takes values only in a sub-semigroup of H.

Two cocycles a and bare cohomologous if there is a Borel

function f: X H such that for each n E

a(n,x) flTnx) = fIx) . bln,x), for a.e. x E X.

The function f is called the transfer function. A cocycle is called

a coboundary if it is cohomologous to 1.

The skew product of T by the cocycle a is the on X x H

defined by -1Ta(x,h) = (Tx,h'a(l,x) ).

We will be mainly interested in the cocycle The skew

product of T by is the Maharam skew product on (X x

defined by T (x,y) (Tx,y/w (x». (Throughout denotes

Lebesgue measure.) One can easily verify that preserves x

The following theorem was proved for one-to-one transformations

in [MJ and for endomorphisms in [Si]

1.3 Theorem. is recurrent for T if and only if

ive.

2. RECURRENCE.

is conserva-

In this section we explore various recurrence properties of the

Radon-Nikodym derivative cocycle in the context of noninvertible

transformations.
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Two measures and v are said to be cohomologous if the

cocycles and Wv are cohomologous. In the invertible case,

and v are cohomologous if and only if they are equivalent. This is

not true in the case of endomorphisms as we shall see below. However

we have the following lemma.

2.1 Lemma. If is then the cocycles and

Wv are cohomologous with transfer function If the cocycles

and Wv are cohomologous with transfer function f then f is

Proof: Suppose is

J T-1A
f 0 T w = J

A

f 0 T and w f arev

Let f = Then

v(A) = J -1 w dv = J -1 w f Since
T A v T A v

it follows that they are

equal, and hence the cocycles are cohomologous. The second part is

clear.

If

o

and Wv are cohomologous by f then = (x,y'f(x))

gives an isomorphism of the corresponding skew products (see [Sc 1:

Lemma 5.1] for the invertible case).

We say that a positive finite function f is a (for T)

if andif f(x) = In other words, admits a

only if is a coboundary. It follows that if and Wv are

cohomologous with transfer function g, and f is a then

fg is a v-density.

2.2 Lemma. T admits a if and only if there exists an

equivalent invariant measure v such that is

Proof: If there exists a f then clearly f is
-1T and v given by dv is invariant. Now assume

is that f = is a follows

from the fact that for all measurable sets A, JT-1Af 0 = JAf

= J-1 0
T A
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2.3 Corollary. If T admits a f and T is conservative

then is recurrent for T.

Proof: Let dv = Then and are cohomologous and so

they induce isomorphic skew products. Now Tv{X,y) (Tx,y) is

clearly conservative, hence Tp is conservative and Theorem 1.3 gives

that p is recurrent. o

We now compare recurrence with two other notions of recurrence

all of which are known to be equivalent in the invertible case for

finite measure. (cf. [M; Sc 1; Sc 2]).

We say that the cocycle a: x X H is recurrent if for every

measurable set A of positive measure and every e > ° we have

U -np( A n (x: a(n,x) E Ne (1)}» > 0,

where Ne{l) is an e-neighborhood around 1 in H.

As in the invertible case, one can show that for conservative

endomorphisms coboundaries are recurrent, so recurrence of cocycles is

a cohomology invariant. But unlike the invertible case, recurrence of

cocycles is not invariant under change to an equivalent (non

cohomologous) measure.

2.4 Lemma. For any endomorphism T on there exists a

cohomologous finite measure v.

Proof: J J
-1 -1First note that since goT dp = 9 and

X X
is

q-finite, there exists a positive function 9 with J goT < 00.

X

Let f = goT and dv = fdp. then dv/dp is and

Lemma 2.1 completes the proof. 0

The following result appears in [Sc 1: Theorem 5.5] in the case

of invertible transformations.

2.5 Theorem. Let T be a conservative endomorphism of a q-finite

measure space.

conservative.

The cocycle w
p

is recurrent if and only if Tp is
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Proof; The statement of the theorem remains invariant under change to

a cohomologous measure. By Lemma 2.4 we can pass to a cohomologous

finite measure and so we can assume that is finite. Now assume

that Q
ll

is recurrent; then L' oQ (i,x) ro and so Lemma 1.1 gives
r-

that is recurrent for T. Theorem 1.3 implies Tj./ is conserva-

tive. For the converse let > 0, and for e > ° write
+ r-E eNe(l) = {t E ; e < t < e). Then j./*(A x Ne/ 2(1» > 0, where

J.I* = J.I x A. The conservativity of implies that there exists

-nn > 0 such that x Ne/2(1) n TJi (A x Ne/2(1») > 0. Since
-n -n[AnT Ne(1)}]xNe/2(1}2Ax[Ne/2(1)nT/-I (AxNe/ 2(1»]

it follows that QJi is recurrent.

A cocycle a is limit recurrent if for a.e. x and all e > °
there exist infinitely many integers n such that la(n,x) - 11 < e.

It can be shown (Theorem 2.5 and [Si: Theorem 3]) that a recurrent

cocycle is limit recurrent. In finite measure, if Q is limitu

recurrent then /-I is recurrent for T (Lemma 1.1) and by Theorem 1.3

is conservative, and so is recurrent cocycle (Theorem 2.5).

2.6 Example. The modified Boole tranformation on the real line

T(x) = (1/2)(x - l/x) preserves the finite measure /-I

and is ergodic (see e.g. [Aa]). However one can easily compute that

QA = 1/2. It follows that QA is not limit recurrent and not

recurrent. Therefore by Corollary 2.3 T does not admit a A-density,

and d/-l/dA is not The measures and A are

equivalent but whereas is conservative T
A

is not, so the skew

products are not isomorphic (/-I and A are not cohomologous). We note

that for any n-to-l conservative ergodic measure preserving endomor-

phism one can construct an equivalent measure v with Q v 1/2 [ES].

Therefore the existence of an equivalent a-finite invariant

measure for a conservative endomorphism T on (X,Ji) does not imply

that is a coboundary. In Example 2.6 has values in a
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semigroup not containing the identity.

In analogy with the invertible case, given a conservative endo-

morphism T on we define the ratio set of T with respect

to [K], rp(T), as follows.

rp(T) = (A E U (O): for every A E piA) > 0 and

every c > 0 there exists n 1 such that

n T-nA n (x: w (n x) E N (A)}) > OJ,u ::: e

{t:t<c}.

The ratio set is invariant under cohomologous measures. However

Example 2.6 shows it is not invariant under equivalent measures.

2.7 Proposition. Let T be a conservative endomorphism of (X,p).

Then is a sub-semigroup of (possibly empty).r
f1
( T ) - {O}

Furthermore, r
f1(T)

contains 1 if and only if wf1 is recurrent.

Proof: Let A,r E rp(T) {O}. Given any A E > 0 and £ > 0

there exists n 1 1 such that T-n1 An {x : E Nc/2(A)}) > O.

Let A' = An T-n1 A n (x . wp(n1,x) E Nc/2(A)}. There exists n 2 1

-nsuch that piA' n T 2 A' n {x : E Nc/ 2 ( A) } ) > O. This

- (n1 +n2 )implies piA n TAn (x: E Nc(Ar)}) > O.

The same proof shows there exists A such that A, A- 1 E rp(T)

iff is recurrent. o

We summarize the results of this section in the following

theorem.

2.8 Theorem Let T be a conservative endomorphism of a a-finite

measure space The following are equivalent.

a)

b)

c)

d)

is a recurrent cocycle,

is a recurrent measure,

is conservative,

Furthermore, any of a), b), c) and d) imply: e) w is limit recurrent.
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If pIx) < ro then e) implies any of a), b), c) and d). 0

3. ORBIT EQUIVALENCE.

A classification of countable ergodic amenable equivalence

relations has been completed in [CFW); this gives a notion of orbit

equivalence for nonsingular ergodic endomorphisms. If we define an

equivalence relation on X by (x,y) E R
T

if Tmx = Tny for some

nonnegative m and n it is shown in [CFW) that this relation is

amenable ergodic. Then we say that T on (X,p) and S on (X',p')

are orbit equivalent if there exists a nonsingular invertible (a.e.)

Borel map X X' such that (x,y) E RT if and only if

E RS[Z],

Because many interesting questions arise concerning Gp (which

is not the same as the Radon-Nikodym derivative cocycle of RT), one

is motivated to look at other definitions of equivalence of endomor-

phisms. Generalizing from group actions to semigroup actions we have

the following. We write x sT y if Tnx

o+(x) denote (x, Tx, T2x, ••• ).

y for some n Let

3.1 Lemma. sT defines a partial order on X. On the periodic points

of X it is an equivalence relation.

Two points x and yare T-comparable, we write x y, if

orx sT y

defintions.

Y sT x. The following proposition follows from the

3.2 Proposition. Let T be an ergodic endomorphism on (X,p). The

following are equivalent.

(1 ) For some k E Tkx rkyT .

(3) o+(x) and o+(y) differ by finitely many points.

(4) (x,y) E R
T.

We say that the endomorphisms T on (X,p) and S on
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are forward orbit equivalent if there exists a nonsingular invertible

(a.e.) Borel map X X' such that x $T y if and only if

$s

3.3 Proposition. Sand T are forward orbit equivalent if and only

if there exist cocycles a: IN x X IN and f3: iN x X' IN satisfy�

ing sa(n,x) = and = for all m,n and

a.e. x.

Proof: Given x E X, for each n we have x < Tnx.-T This implies

n = for dependent on and$s x ) , so some m n

x, i.e. , m = a(n,x) . Since x $T TkX and Tkx $T Tk+jx then

k sa(k,x)Sa(j,T x)

So we obtain the cocycle equation a(k+j,x) = a(j,TkX) + a(k,x). The

existence of f3 is obtained in a similar way using the invertibility

of The converse is straightforward. 0

3.4 Theorem. Sand T are forward orbit equivalent if and only if

they are isomorphic.

Proof: Suppose Sand T are forward orbit equivalent. By Proposi

tion 3.3 there exist a nonsingular invertible and cocycles a and

f3 such that = and = for all

m,n and a.e. x E X. Then = =

Since S is aperiodic, n for all nand x. In

particular, 1 = = a(l,x) +••• + This

implies that for each x either = 0 or a(l,Tix) 0 for

all but one i. However, since the action is free, a(l,x) = 0 only

on a set of measure 0; in particular on a set of full measure

a(l,Tix) > 0 for all i. Therefore = 1, so B(n,x') = n

for all nand a.e. x' E X'. It immediately follows that

Conversely, if Sand T are isomorphic we can choose B(l,x')

= 1 = a(l,x) in Proposition 3.4. 0
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The endomorphisms x 2x (mod 1) and x 3x (mod 1) are

examples of ergodic endomorphisms which are finite measure preserving.

Since they are not isomorphic they cannot be forward orbit equivalent.

This is in contrast to the situation for invertible ergodic trans for-

mations where Dye's theorem [Dy] states that all finite measure

preserving automorphisms are orbit equivalent.

Furthermore, it follows from [ES] that x 2x (mod 1) admits a

measure equivalent to A with W = 1/2. Since wA = 1 the ratio

sets are different even though the two systems are isomorphic. In

view of Theorem 3.4 we might consider alternative definitions of

forward orbit equivalence. It is possible that a hierarchy analogous

to the rich theory developed in [R] also exists for endomorphisms.

These ideas will be further developed in a joint paper by the authors

and Stanley Eigen.
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