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1. Introduction

The purpose of this paper is to construct examples of elliptic maps with prescribed
properties of the iterated critical orbits. It is well-known that the spectrum of types
of critical orbits within a holomorphic family of meromorphic maps sheds light on
the complexity of the bifurcation locus and reveals measure theoretic properties
of the maps (see for example [3], [6], [7], [13], [14], and [15] and the references
mentioned in these). In our setting of elliptic functions we are most interested
in maps with critical points that tend to infinity under iteration, but are not
prepoles. Dynamical and measure theoretic results of maps with this and other
related properties are proved in [12],[13],[14], and [15], but no examples have been
given up to now. The unifying property of all the maps discussed here and in [15]
is that each critical point in the Julia set does not return near itself infinitely often
in either the classically studied sense say of [5], [11], or [6] or in more complicated
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ways described in [15], unique to meromorphic maps and which will be described
below.

The paper is organized as follows. In Section 2 we give the basic setting and
definitions of the subject of iteration of elliptic functions. In Section 3 we discuss
our specific setting; namely the elliptic functions with nonrecurrence properties of
the critical orbits as defined by Kotus and Urbarnski in the references above. We
call these maps critically tame elliptic functions and they are defined and described
in Section 3 of this paper. We give the construction in Section 4 and show how it
results in many nonequivalent examples, including examples with both empty and
nonempty Fatou set.

2. The iteration of elliptic functions

We begin with some preliminaries about elliptic functions, the Weierstraass g func-
tion and period lattices. Let A1, Ay € C\{0} such that \y/A; ¢ R. A lattice A C C
is defined by A = [A1, A2]: = {mA1 +na: m,n € Z}. Two different sets of vectors
can generate the same lattice A; if A = [A1, A2], then all other generators of A are
obtained by multiplying the vector (A1, A2) by a matrix

ab
A= ()
with a,b,c,d € Z and ad — bc = +£1. A lattice A forms a group that acts on C by
translation, each w € A inducing the transformation of C: T, : z — z + w.

Definition 2.1. A closed, connected subset Q of C is defined to be a fundamental
region for A if

(1) for each z € C, Q contains at least one point in the same A-orbit as z;
(2) no two points in the interior of Q are in the same A-orbit.

If © is any fundamental region for A, then for any s € C, the set
Q+s={z+s:2€ Q}

is also a fundamental region. If Q is a parallelogram we call Q a period parallelogram
for A.

The ratio 7 = Ag/\1 is an important feature of a lattice. If A = [A1, Ao], and k # 0
is any complex number, then kA is the lattice defined by taking kA for each A € A;
kA is said to be similar to A. Similarity is an equivalence relation between lattices,
and an equivalence class of lattices is called a shape. There are some distinguished
shapes and types of lattices described here.

Definition 2.2.

(1) A lattice A is real if A = A.

(2) A = [\, 2] is real rectangular if there exist generators such that \; € R
and Ao is purely imaginary. Any lattice similar to a real rectangular lattice
is rectangular.

(3) A = [A\1, \2] is real rhombic if there exist generators such that Ay = ;. Any
similar lattice is rhombic.

(4) A lattice A is square if iA = A. (Equivalently, A is square if it is similar to
a lattice generated by [\, Ai], for some A > 0.)

(5) A lattice is triangular if A = e2™/3A
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In each of cases (2) — (4) the period parallelogram with vertices 0, A1, A2, and
A3 := A1 + A2 can be chosen to look rectangular, rhombic, or square respectively.
In case (5) a period parallelogram is comprised of two equilateral triangles.

We begin with f: C — C4 a meromorphic function where Co, = C U {o0}
denotes the Riemann sphere.

An elliptic function is a meromorphic function in C which is periodic with respect
to a lattice A. For any z € C and any lattice A, the Weierstrass elliptic function is
defined by

=gt 3 (emap )

weA\{0}

Replacing every z by —z in the definition we see that o, is an even function. It is
well-known that g, is meromorphic, is periodic with respect to A, and has order
2.

The derivative of the Weierstrass elliptic function is also an elliptic function
which is periodic with respect to A defined by

Ph(z) = -2 Z (Z_lw)g

The Weierstrass elliptic function and its derivative are related by the differential
equation

/

P (2)* = 4pa(2)” — g2 (2) — gs, (1)

where ga(A) = 603_,ca\ (0} w~* and g3(A) = 140 2 weA\{o} w5,

The numbers g2(A) and g3(A) are invariants of the lattice A in the following
sense: if go(A) = g2(A) and g3(A) = g3(A’), then A = A’. Furthermore given any
g2 and g3 such that g3 — 27g% # 0 there exists a lattice A having go = g2(A) and
93 = g3(A) as its invariants [4].

For any lattice A, the Weierstrass elliptic function and its derivative satisfy the
following properties: for k € C\{0},

1 .
ora(ku) = ﬁpA(u), (homogeneity of py), (2)

1
() = 56 (w), (homogeneity of g},

Verification of the homogeneity properties can be seen by substitution into the
series definitions.
The following classical result characterizes all elliptic functions in terms of p and

o [4].

THEOREM 2.3. FEvery elliptic function fa with period lattice A can be written
as fa(z) = R(pa(2)) + pa'(2)Q(pa(2)), where R and Q are rational functions
with complex coefficients. The converse is also true, namely every f of this form
18 elliptic.
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In Section 4 we construct elliptic functions of the form g, = ap with critical
orbits having prescribed nonrecurrent properties. The following corollary is of use
in the construction.

COROLLARY 2.4. If A is a fized lattice, and o denotes the Weierstrass elliptic p
function with period lattice A, then for any o € C\ {0}, the map apy is an elliptic
function related to p with a different period lattice in the following sense: for every
zeC

apa(2) = pan(az), with a =

Bl

Then (apa)™ = (par © @)™ for each n € N, where a(z) = az.

Proof. Equation (3) follows immediately from the homogeneity identity (2).
O

We can determine the critical values of the Weierstrass elliptic function on an
arbitrary lattice A = [A1, A2]. Define A3 = Ay + Xg. For j = 1,2,3, notice that
PA(Nj — 2) = pa(z) for all z. Taking derivatives of both sides we obtain —g/ (A; —
z) = @)\ (). Substituting z = \;/2, we see that @, (z) = 0 at these values. We use
the notation

A1 A2 A

== 5= 73, e1 = palc1), e2 = pa(c2), es = pal(cs) (4)

to denote the critical points and values. Since eq, e9, e3 are the distinct zeros of
Equation (1), we also write

pa(2)? = 4(pa(2) — e1)(pa(2) — e2)(pa(2) — e3). (5)
Equating like terms in Equations (1) and (5), we obtain

e1+ex+e3=0, eje3+ese3+eer = %, ejege3 = %’5 (6)

It is well-known that the singular orbits of meromorphic functions determine
most of the dynamical properties. Let Crit(f) denote the set of critical points of

f,ie.,
Crit(f) = {z: f'(z) = 0}.

If zp is a critical point then f(zg) is a critical value. The singular set, denoted
Sing(f), of an elliptic function f is the set of critical and finite asymptotic values
of f and their limit points. A meromorphic function is called Class S if f has
only finitely many critical and asymptotic values. For each lattice A, every elliptic
function with period lattice A is of Class S since there are finitely many critical
values and no asymptotic values.

If f is elliptic, the postcritical set of f is:

P(f) = | f(Crit(f)) C Cuo.

n>1
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For each lattice, pp has three distinct critical values and no asymptotic values.
Therefore the postcritical set of py is:

P(pa) = U ©h(er Uea Ues).
n>0

The lattice shape relates to the properties and dynamics of the corresponding
Weierstrass elliptic function to some extent, as discussed in [6], [7], and [8]; however
these papers also show that within a given shape equivalence class the dynamics
vary widely.

2.1 Julia and Fatou sets of elliptic functions

We review the basic dynamical definitions and properties for meromorphic func-
tions which appear for example in [1], [2], and [3]. Let f: C — C4 be a meromor-
phic function where Co, = C U {00} is the Riemann sphere. The Fatou set F(f)
is the set of points z € Co such that {f™: n € N} is defined and normal in some
neighborhood of z. The Julia set is the complement of the Fatou set on the sphere,
J(f) = Coo\F(f). Notice that Coo\lU,;5¢ f7"(00) is the largest open set where

all iterates are defined. Since f(Coo\U,;5¢ f7"(00)) C Coc\U,,>0 [~ (00), Montel’s
theorem implies that - -

J(f) = f7(c0).

n>0

For a meromorphic function f, a point zq is periodic of period p if there exists a
p > 1 such that fP(zy) = z0. We also call the set {20, f(20), .., [P 1(20)} a p-cycle.
The multiplier of a point zy of period p is the derivative (fP)’(zp). A periodic point
2o is called attracting, repelling, or neutral if |(fP)(z0)| is less than, greater than, or
equal to 1 respectively. If |(fP)(z9)| = 0 then 2 is called a superattracting periodic
point.

Suppose U is a connected component of the Fatou set. We say that U is prepe-
riodic if there exists n > m > 0 such that f*(U) = f™(U), and the minimum of
n —m = p for all such n,m is the period of the cycle. Let C' = {Uy, U,...Up—1}
be a periodic cycle of components of F(f). If C is a cycle of immediate attractive
basins or parabolic domains, then U; N Sing(f) # 0 for some 0 < j < p— 1. If

C is a cycle of Siegel Disks or Herman rings, then 0U; C U f7(Sing(f)) for all
n>0

0<j<p-1

If f is elliptic and hence of Class S, it has no wandering domains [2] or Baker
domains [19]; therefore every component of F(f) is preperiodic. The periodicity
of elliptic functions restricts the size of Siegel disks or Herman rings. In [8], the
following lemma was proved for Siegel disks, and the same proof holds for Herman
rings.

PROPOSITION 2.5.  Assume fa has a cycle of Siegel disks or Herman rings C =
{Uo,...,Up—1}. Then each U; is completely contained in one fundamental region

of A.
2.1.1 Properties of special lattices A and J(pn)

In Section 4 we construct examples of elliptic functions g such that there exists
some ¢ € Crit(g) such that ¢"(c) is defined for all n and lim,,_,~ g"(¢) = co. Each
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construction begins with an example where some or all critical points are prepoles;
we first show that this occurs for any lattice shape, and more can be said for certain
other shapes. Recall that every lattice is similar to one of the form A = [1, A\] with
$(A) > 0.

LEMMA 2.6. Let A = [1,\] be a lattice such that pa(1/2) = ey # 0. Suppose m
is any integer and k = {/e1/m. Then using the lattice T = kA = [k,~], pr has
critical value e; v = mk, which is a pole of pr.

Proof. We have e;r = e A = k~2e; = mk using Equation (2). O

The only shape not satisfying the hypotheses of Lemma 2.6 is a square lattice
in the rhombic position where e; = 0, but 0 is already a pole so we obtain the
following result.

LEMMA 2.7. If A is a square lattice, then the corresponding Weierstrass elliptic
p function pp has at least one critical point which is a prepole.

Proof. 1t is well-known (cf. [4]) that square lattices are characterized by the prop-
erty that g3 = 0, hence by Equation (6) a critical value of pp is the pole at 0.
O

The following family of triangular lattices I' = [y1, 2] where all critical points of
pr are prepoles was given in [6].

THEOREM 2.8. Let Q = [wi,ws] be the triangular lattice associated with the
invariants go = 0 and g3 = 4 so that e1, ea, and e3 are the cube roots of unity. Let
k = {/etm/3 /(mw) where m is odd and negative and T = kQ = [kw, kws).

Then all critical points of pr are prepoles and J(pr) = Cuo.

In [8] (Theorem 5.1), the following example was constructed of an elliptic p
function on a real rectangular lattice that has a superattracting fixed point and a
critical point that is a prepole.

PROPOSITION 2.9. Let Q = [wy,ws], w1 > 0 be the real rectangular lattice with
invariants go = 52/9 and g3 = —16/9. Let k = {/2/(3w1) (taking the real root)
and I' = kQ = [kwy, kws]. Then pr has the following postcritical behavior: ey =
371/2 is a superattracting fived point, esr = v1/2 and thus pr(esr) = eir, and
ear = —27v1 s a pole.

3. The Kotus and Urbanski conditions for critically tame elliptic functions

In this section we give a description of the critical recurrence properties of elliptic
functions of interest. These properties are developed in detail in [15] and in the
earlier published references [12] - [14]. We set up some notation first.

Throughout we will denote by B, (z9) C C the open ball of radius r > 0 centered
at z9 € C; we also define Br(oo) = {z € C : |2| > R} C Cx for R > 0 (usually
large).

Definition 3.1. Suppose f is an elliptic function and f"(z) is defined for all n
for z € C. Let d denote the spherical metric on C,,. A point y € C is an w-limit
point of z for f if there exists a sequence of integers np — oo, such that

klim d(f™z,y) =0.

The set of all w-limit points of z for f is called the w-limit set of z and is denoted

w(z).
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The w-limit set of z is a compact subset of C if and only if co ¢ w(z). Let D
denote a domain in C.

Definition 3.2.

(1) If g : D — C is an analytic map, z € C, and r > 0, then we define
U(z,g~1,7) to be the connected component of g~*(B,(g(2))) that contains
2.

(2) Suppose that ¢ is a critical point of g. Then there exists r = r(g,c) > 0 and
M = M(g,c) > 1 such that

M~z = cPe < g(2) = g(e)| < Mz — ¢l

and

M_l\z — Pt < lg'(2)] < M|z — ¢[Pet

for every z € U(c,g~!,r), and also such that

9(U(c,g7", 7)) = Br(g(c));

we define p. = p(g, ¢) to be the order of g at the critical point c. (Note that
some authors call p. — 1 the order of the critical point.) In particular, p. — 1
is the multiplicity of the zero of ¢’ at c.

From this point on, we assume that f : C — C is an elliptic function. We denote
the period lattice by A and let © denote a fundamental region as in Definition 2.1.

Definition 3.3. For each elliptic function f and for any pole b of f, let g, denote
its multiplicity. We define

q:=sup{g,: b€ f7(c0)} = max{gy: b€ f(c0) N Q}. (7)
We define the prepoles of order n > 1 of f by:
An(f) = {2 €T f7(2) = oo},

It is implicit in this definition that if z € A, (f), then f7 is defined for all j < n.
We define

Cp(f) = Crit(f) N Unendn; (8)

Cy(f) is the set of prepole critical points.

We note that A,(f) = f~'(A,_1(f)) for n > 2, and that A,(f) c J(f). For
each ¢ € Cy(f), ¢ € Ar(f) for exactly one k. A pole is an order 1 prepole, so if A
is the period lattice of pa, and a € C\ {0}, then A;(app) = A.

Definition 3.4.
Let Coo(f) ={ceCrit(f)| lim f"(c) = oo}. 9)
For every ¢ € Co(f) let

¢c = limsup g, , (10)

n—oo
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where f"(c) is near a pole b,. More precisely, we see that ¢ € Co(f) if and only if:
for all R > 0O there exists K such thatn > K = |f"*(¢)| > R.
Since R is large, it then follows that
1" (c)] > R < f"(c) is near a unique pole by,.
This defines the sequence of poles {b,} in Equation (10). Let

loo = max{pc% 1ce COO(f)} < max{pcq 1ce Coo(f)};

where ¢., q are as in (7) and p. as in Definition 3.2.
By HD(X) we denote the Hausdorff dimension of a set X C Cw.

Definition 3.5. Let f : C — C, denote an elliptic function, and let ¢ be a
critical point of f. We say f satisfies the Kotus-Urbariski conditions or equivalently
define f to be critically tame if the following hold:

(1) If ¢ € F(f), then there exists either an attracting or parabolic periodic
orbit of period p, S = {z0, f(20), - -, fP"*(20)} such that w(c) = S.
(2) If c € J(f), then one of the following occurs:

a) w(c) is a compact subset of C such that ¢ ¢ w(c);

b) ¢ € Cp(f);
c) c € Cx(f), and

oo
loo +1°

HD(J(f)) > (11)

Due to the evolution of the results in [12], [13], [14], and [15] this is called regular
pseudo weakly non-recurrent in [15].

We state one of the main theorems of [15] as it provides motivation for the
construction of the examples that follow in this paper. However, since we do not
use the result in the paper, we omit the definitions of the terminology and refer
the reader to [15].

THEOREM 3.6. If f is a critically tame elliptic function and h = HD(J(f)),
then there exists a nonatomic, o-finite, ergodic, conservative and invariant measure
my, for f, equivalent to h-conformal measure, up. Moreover my, is unique up to a
multiplicative constant and is supported on J(f).

The condition of regularity, inequality (11), was used in [15] to show that the
h-conformal measure in Theorem 3.6 is nonatomic.

In order to establish critical tameness of the examples we construct below, the
following lemma is useful and follows from [12], [13], and [14]; we give a simple
proof here.

LEMMA 3.7. If every critical point ¢ of f satisfies ¢ € Cp(f) or ¢ € Cxo(f), then
J(f) =Cx and f is critically tame.

Proof. The hypotheses imply that Crit(f) C J(f), so f has no cycle of attracting or
parabolic components. Suppose that J(f) # C. Then there exists a periodic cycle
of Fatou components C' = {Uy, ..., U,_1}. If C is a cycle of Siegel disks or Herman
rings, then by Proposition 2.5, each U; is contained within one fundamental region.
Choose R large enough so that C'is contained in Br(0). For any ¢ € Cp(f), only a
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finite number of iterates of ¢ are defined. Let ¢y, ..., c; denote one representative
from each equivalence class of critical points in C(f). For each ¢; € {ci1,...cx},
pick n; such that for all n > n;, |f"(¢;)| > R. Define

k nj

T=J U Fie.

j=1i=1

T contains all forward iterates of ¢ € Cx(f) that are contained in Bgr(0), and
T is a finite set. Thus o f"(P(f)) N Bgr(0) is finite, which contradicts that

ou; c | J f1(P(f)) forall 0 < j <p— 1.
n>0
Since HD(J(f)) = 2, Definition 3.5 (2) is satisfied and f is critically tame. O

4. Examples of critically tame elliptic functions with critical point tending
to infinity

We give a family of examples of elliptic functions such that a critical point escapes
to infinity. We show these are critically tame elliptic functions in the sense of [15]
and therefore provide the first examples known to satisfy Definition 3.5 (2) c).

4.1 The starting examples and preliminaries

We start with any lattice A such that Cp,(pa) # 0; that is, at least one critical point
of pa is a prepole. We can choose an example from Section 2.1.1, say from Theorem
2.8. While any of these examples will result, via the construction described later in
this section, in an elliptic map with a critical point having an infinite orbit tending
to the essential singularity at oo, we need to determine whether the inequality (11)
of Definition 3.5 is satisfied to obtain a critically tame elliptic function.

4.1.1 A critically tame starting example with a square period lattice

We set (g2, 93) = (—4,0); the resulting Weierstrass p function has a real rhombic
square period lattice A and critical values {e1,ea,e3} = {—i,7,0}. Writing the
associated lattice generators by [a + ai,a — ai], we have a ~ 1.854 (we do not need
this approximation), and we know that a > 0 (cf. [6]). We refer to A as the standard
rhombic square lattice. Set k = {/1/(ja) > 0, where j is any positive even integer,
and define a new period lattice by I' = kA.

PROPOSITION 4.1.  The following hold for or:

(1) All critical points are prepoles, J(pr) = Coo and gr is critically tame;
(2) pr is ergodic with respect to Lebesgue measure on Co.

Proof. 1If all critical points are prepoles then F(pr) = () and pr is critically tame
by Lemma 3.7 (and first proved in [12]). We show that pr maps the two critical
points of the form ¢; = k(a+ai)/2 and ca = k(a—ai)/2 to poles. The third critical
point, ¢3 = ka, is still mapped to 0 by Equation (2). Note that for any square
lattice, p is a pole of p if and only if +ip is a pole. Applying Equation (2),

k(a + ai) 1 a+ ai —i .
—— - | == == . 12
or ( 2 ) ;2 A ( 2 ) k2 ijka (12)

The point p = —ijka is a pole since for every even j € N, ja € A, +ija € A, hence
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Figure 1. Graph of p on a real lattice A with Figure 2. The poles of gai accumulate on the
poles p—1, po, p1 poles of pp

jka € T ijka € T. This proves (1). Statement (2) follows from (1) by applying
Corollary 1.4 of [15] (cf. also [12]).
]

The main result of this section is the following.

THEOREM 4.2. There exists a critically tame elliptic function g such that

Coo(g) # 0.

To prove the theorem we give the construction of an example g with Cu(g) # 0.
We fix a lattice ' satisfying the hypotheses of Proposition 4.1 using j := jo = 4;
for convenience we write I' = [2b + 2bi, 2b — 2bi] = [y1, 72], with b > 0. We denote
the Weierstrass p function with period lattice I' by p = pr unless confusion arises.
Since the three critical points and critical values are related by: c¢g3 = 2b and
cp = ¢ = b+ bi, and e3 = 0,e; = —eq, we will fix once and for all the critical
point ¢; to work with, and usually just refer to it as ¢. Our starting point is that
all three critical values are poles, and in particular p(c) = —i8b =€ € I.

As before B.(zp) is the open ball of radius € > 0 centered at zgp € C and Bg(o0) =
{z € Cx : |z] > R} for R > 0. Choose and fix any £ < 1/4 to start (we may make
e smaller later if necessary).

We define a parametrized family of elliptic functions as follows. For a € B(1),
let

9a(2) = ap(2). (13)

The critical points of g, are the same as the critical points of p, but the nonzero
critical values of g,, which we will write as ej(a) = ga(cj) = ae; clearly depend
on «. However, we only have one critical orbit to control by changing a since
ae; = —aeg, and for any z € C\ T, go(—2) = ap(—2) = ap(z) = ga(2). Therefore
Jo 18 also an even function so the critical orbit of ¢ determines all the dynamics of
g in the sense that g2(c1) = g2(c2), while g2(c3) = oo.

The period lattice for p and g, can be enumerated as I' = {y(; ) : (m,n) €
Z X 7}, where Ymm) = M1 + ny2. We note that each vy, ,,) is a pole for p and
go for every o € B.(1). We give a definition similar to Definition 3.3.

Definition 4.3. For each a € B.(1), we define the prepoles of order n > 1 of
the map g, by:
An(a) = {z € C: g2(2) = oo}.

A pole is an order 1 prepole, so for each o € B:(1), A;(a) =T.

We note that A, (a) = g, (Ay—1()) for n > 2, and that A,(a) C J(ga) for each
n. Consider the (closed) period parallelogram Q with vertices {0,v1,v2,71 + 72};
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Q is mapped by p and g, two-to-one onto Co, (with exceptional points on the
boundary and at critical points that are still mapped in a finite-to-one manner).
Therefore there are infinitely many preimages of A;(a) = I' in Q, accumulating
around the four poles, the vertices of Q; but As(a) = g, '(A1(a)). More generally
for each n > 2 the limit points of each set A, (a) are equal to the set:

n—1
Lo(a) = [ 45(0) = | 927 ({oe}).
7=1

j<n

A simple illustration of this idea is shown in Figures 1 and 2.

This is the idea behind the construction we give here: the fact that poles of
order k > 2 accumulate around poles of lower order. A similar property was shown
in [10] for the meromorphic family of maps {Atanz}. We recall that we have
chosen our starting example so that ¢ € A3(1), and that the prepoles of g, depend
holomorphically on « by Corollary 2.4 and [4].

4.2 Construction of a map g, such that c € Az(a)

To construct an example to prove Theorem 4.2, we first define a sequence of aux-
iliary functions Gy, k > 2, each defined on a subset of the parameter space B:(1).
We label our functions starting with & = 2 in order to simplify the notation, since
the first function is defined using second iterates. We have:

Gy : B:(1) = Cu, defined by Gala) = g2(c). (14)

We denote the set of poles of Gy by P2. We note that G has a pole at o = 1 since
G2(1) = ¢?(c) = p*(c) = oo since ¢ € Ay(1). Using Equation (3) from Corollary
2.4, we see that GG has a pole at « if and only if

a= g € B.(1), (15)

with s # 0 an integer, or 44 times an integer, or of the form ¢+t with ¢ an integer.
This follows from the equations in (12).

However we have chosen € small enough so that the point 1 is the only pole of
G in the domain. We then have that G5 is a nonconstant meromorphic map and
hence is open. Therefore there exists an Ry > 4 such that Bp,(c0) C G2(B:(1));
the next lemma now follows immediately from this containment.

LEMMA 4.4.  For any lattice point Yy, n) € Bpg,(00), there erists a parameter
Qo) € B=(1) \ P2 such that:

GQ(a(m,n)) = gi(m,n) (C) = Y(m,n)-

Therefore c € Az(Q(mpn)). Since limp, p—o00 V(m,n) = 00, it follows that 1 is a limit
point of the a(p, ) ’s. That is, limy, n—oco A(mn) = 1.

This lemma provides the first step in the construction by showing that in the
family of maps g, in any small enough neighborhood of o = 1, there is a parameter
B2 1= Q(n,n) With associated critical orbit:
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e g5, (0) & (F)er = g5,(¢) = Yinny — 00 = g5, (0). (16)

(Recall that we start our numbering with 2, not 1 only for simplicity of notation.)

4.3 The next step: construction of g, such that ¢ € Ay(a)

We next show that each gg, defined in Section 4.2 with the properties given by (16)
is itself a limit point of a sequence of elliptic functions with ¢ a prepole of order 4;
i.e., c € A4(f3) for some (3 arbitrarily close to 2. To this end we define the next
auxiliary function:

G3:B.(1)\ P2 — Co, by Gs(a)=g3(c). (17)

The map G3 has essential singularities at P2 and poles at the parameter values
Q(m,n) constructed above in Lemma 4.4. We denote by P3 C B:(1) the set of poles
of G3. Given Ry as in Lemma 4.4, we fix any lattice point v := 7, ) € Br,(00).
Then a corresponding (3 := Q(y, 5) is obtained by Lemma 4.4 and labeled so that
G2(B2) = . In this case we have that G3(2) = 005 i.e., (2 is in P3 since ¢ € Az(2).
Therefore, there exists g := €(f2) so that if we define Bs := B, (f2), then Bs C
U(ﬂg,Ggl,Rg) and B3 C B:(1) \ Pa. Restricting G3 to Bz, we choose R3 > 2Ry
large enough so that for any lattice point v; := Y, n,) € Br, (00) there exists
Qj 1= Qi n,) € Bs such that G3(a;) = ;. Since lim . )00 Vimym,) = OO, We
have that the corresponding limit in parameter space is (o; that is, lim; o a; = (.
This discussion gives a proof of the following lemma.

LEMMA 4.5.  For any parameter B2 € P3N B:(1), any small enough 6 < €, and
any R > 0, there exists a parameter 33 € Bs(f82) C B:(1) such that G3(33) =
ggg(c) € I'N Br() (a large lattice point). Therefore ¢ € A4(f3).

Since we have parameters in P3N B.(1) arbitrarily close to 1, Lemma 4.5 has the
following corollary which gives a needed step in our construction.

COROLLARY 4.6. In the family of maps go = apr given in (13), in any neighbor-
hood of a = 1 there exist parameters (3 such that ¢ € A4(f).

Remark: The construction of gz given above shows that the following holds (com-
pare it with (16)):

¢ gg,(c) m €1 g5.(6) & Ymymi) — 95, (€) = Vimama) — 95,(c) =00,  (18)

where none of the ~ are equality, and the lattice points Y, n,) € Bp,(c0) and
Vimams) € Bry(00) with R; > 27, for j = 2,3.

4.4 The inductive step: the construction of go such that ¢ € Apy1(a) for
kE>2

Let k > 2 and assume we have defined for all j < k the map G;(a) = gh(c) with
poles denoted P;, each defined on B¢(1) \ Up<jPp,. We now consider the map:

G : B:(1)\ Uj<kPj = Cx, by Gr:aw 92(0)- (19)
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G, is meromorphic on the domain given above with poles which we denote by
Pr. We choose and fix a pole f;x_1 € Pr N B:(1), so that we have ggkil(c) = oo.
By our previous discussion we know that there exists some €;_1 > 0 small enough
such that G}, is meromorphic from By := B., ,(Bk—1) C B:(1) \ Uj<xPj to C
with a pole at ;1 and so that By C U(8k_1, G’,;l, Rp_1).

Therefore there exists a number Ry > 2R;_1 > 2 such that Bg, (00) C G(By).
Again we choose and fix a lattice point V5 = Ymn) € Bpg, (0c0) and then let
Br = Q(m,n) be chosen and labeled so that G.(0k) = v € T

Since the lattice point 7(;, ) can be chosen to be arbitrarily large, the resulting
Bk = Q(mn) mapping to it under Gy can be found arbitrarily close to the pole
Br—1-

We have shown that the following lemma holds.

LEMMA 4.7.  For any k > 3, and for any parameter B;_1 € Pr N B:(1), any
small enough 6 < e, and any R > 0, there exists a parameter B € Bs(Br—1) C
B:(1) \ Uj<P; such that Gi(Br) = ggk(c) € I' N Br(oo) (a large lattice point).
Therefore ¢ € Ag11(0k)-

Since we always have parameters in Py N B (1) arbitrarily close to 1 by induction
on k, Lemma 4.7 has the following corollary.

COROLLARY 4.8. In the family of maps go = apr given in (13), in any neighbor-
hood of « = 1 and for any k > 3, there exists a parameter 3 such that ¢ € Ak(S).

4.5 Constructing the main example

We state the main theorem that gives the elliptic function with the desired prop-
erties.

THEOREM 4.9. Suppose we are given a map pr on a real rhombic square lattice
I, with ¢1 (and hence every critical point) a prepole, and the parametrized family
of elliptic functions go(z) = apr(z), with a € B.(1), for some small ¢ > 0. Then
there exists a critically tame elliptic function gg such that

lim g3(c1) = lim gi(cz) = oo,
n—oo n—oo

and c3 s a prepole.

Proof. Fix some ¢ € (0, %) and set €1 = . As before, write p = pr and ¢ = ¢;.
When a = 1 we have that g1(c) = p(c) = 79 € I'; so using the definitions above,
G2(1) = oo or equivalently, 1 € P,. By Lemma 4.4 there exists some Ry > 4 such
that if we fix any lattice point 1 := v, n) € Bg,(00) there exists a parameter
B2 := Q(mn) € Be, (1) NP3 such that Ga(B2) = 1. From the proof of Lemma 4.5
we know that there exists a ball B3 := Be,(82) C Bg, (1) \ P2, with g2 < £1/2,
on which Gj is well-defined and meromorphic and chosen small enough so that
B3 C U(B2,G3", Re) and Bs C B, (1) \ Pa. By construction G3(82) = oc. Then
by Lemma 4.5 there exists R3 > 2Ry such that for any lattice point v := y(n) €
Bp,(00) there exists a parameter 33 € Py N Be,(f2) such that G3(53) = 2.

By induction on k, and applying Lemma 4.7, for each k we obtain [ with ¢ €
Aj11(8k) and a sequence of nested balls By 1 := Be, (6r) C B:(1) \ Uj<Pj, with
er < 27+ and a sequence {R}} such that each Ry > 2Rj_; such that By, C
U (B, G,;il, Ry). That is, Ggy1(Bgs1) C Br, (00) or equivalently [gE+1(c)| > 2* for

all & € By1. Since €, — 0 there is a parameter § = NgenBe, (Ok). In fact 8 is an
accumulation point of UgenPy. For the parameter § we see that the forward orbit
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of ¢ satisfies: g%(c) € Bpg,(00), gg(c) € Bpg,(00), and in general gg(c) € Bpg,_,(00).
Since limy_ o Ry, = 00, it follows that limy_,oo gg(c) = 00.
Since by our construction Crit(gg) C Cp(gs) U Cx(gp) it follows from Lemma

3.7 that gg is critically tame.
(]

4.6 Extending the example to other lattices

The example given above is by no means unique. If we begin with an elliptic
function f that has a critical point ¢ which is a prepole, then the construction
given above results in an elliptic function of the form gg = 3 f with lim,, .o gg(c) =
00. We conclude this section by giving more examples of elliptic functions having
critical points whose orbits tend to infinity.

4.6.1 Examples where all critical points escape to infinity

If we have an elliptic function of the form gg with all critical orbits approaching
infinity then gg is critically tame by Lemma 3.7. We use this idea to provide
additional examples.

THEOREM 4.10. Let I' be a triangular lattice such that pr has ¢1 (and hence
every critical point) a prepole, and consider the parametrized family of elliptic
functions go(2) = apr(z), with a € B(1), for some small € > 0. Then there
exists a f € Be(1) giving a critically tame elliptic function gz = Bpr such that
limy, o0 gg(cj) =o0 for j =1,2,3; i.e. all critical points tend to co.

The proof of the theorem appears after the next result, which is used in the
proof.

PROPOSITION 4.11.

(1) The lattice T is triangular (e*™/3T =T) if and only if g2 = 0; in this case
the critical values e1,ea,e3 of pr all have the same modulus and are the
cube roots of g3 /4.

(2) Let I' be triangular and gg = Bpr. If c1,c2, and c3 are the critical points
of pr, then gi(cz) = pgjz(c1) and gi(cs) = ngg(cl) for all n € N, where
p= e2mi/3 s a cube root of unity.

Proof. Statement (1) is a classical result that can be found in [4], including that

the critical values of pr are the cube roots of g3/4. To prove (2), we note that the

critical points of gg are the same as the critical points for pr.

First, we use induction to prove that gi(c2) = pgj(c1) for all n € N, where p is
as above. For triangular lattices, the critical values of pr are related by es = peg
and e3 = p?e; by part (1) of the theorem. Thus

gs(c1) = Bor(c1) = Pey

and

gp(c2) = Bpr(c2) = Bez = PBper = pgg(cr).

Since I is triangular, we have by definition that pI" = I'. If we assume that that
g(c2) = pgj(cr), then

g5 (e2) = ga(g5(c2)) = galpgi(cr)) = Bor(pghi(cr)) = Bopr(pgf(ci))
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= Sor(ahten)) = pBor(gh(er)) = paalalicr)) = paf(

c1).
Using an identical argument gj(cs) = ngg (c1).
|

Proof of Theorem 4.10: Since ¢ is a prepole, we apply the construction us-
ing ¢ = ¢; and obtain § such that lim, ., gg(cl) = o0. By Proposition 4.11,
limy, 00 gﬁ(cz) = 0o and lim,,_,oo 95(03) = 00, so the map gg has all critical points
tending to oo. O

Finally, Theorem 2.8 gives infinitely many examples satisfying the hypotheses of
Theorem 4.10, and from [7] they lie in infinitely many distinct conformal conjugacy
classes.

4.7 An example with a nonempty Fatou set

We conclude with a construction of an elliptic function gz that has a nonempty
Fatou set, a critical point whose orbit approaches infinity, and a critical point that
is a prepole. Therefore for the three critical orbits possible we have ¢; € F(g3),
c2 € Cp(gg), and c3 € Cxo(93)-

The following estimate was obtained in [12] (cf. also [15]), and we use it in our
construction. Suppose f is elliptic and ¢ € Cy(f), and ¢ € Ag(f); by a slight abuse
of the notation of Definition 3.2 let p. := p(f*~!,¢) denote the order of f*~1 at
the critical point c.

THEOREM 4.12. Let f : C — Cy be an elliptic function such that at least one
critical value is eventually mapped onto a pole. Then

2pq

HD(I() > >

9

where, p = max{p. : ¢ € Cp(f) N A} and q is the mazimum pole order (see
Definition 3.3 (7)).

Our starting point is the standard rhombic square lattice A defined at the be-
ginning of 4.1.1. We use j = 1 in the construction given there, and an application
of Proposition 4.1 gives the following.

LEMMA 4.13. Let A = [a+ ai,a — ai] be the standard rhombic square lattice, set
k= <{/1/a>0, and define I' = kA = [ka + kai, ka — kai] = [d + di, d — di].

Then pr((d+di)/2) = e1(I') = —di and c € Cp(pr) for every critical point ¢ of
or-

We next modify this to obtain an elliptic function with a superattracting fixed
point, a critical value at 0, and another critical value at a lattice point. Given the
lattice I' = [d + di,d — di] constructed in Lemma 4.13, define h = pr + di. The
function h is an elliptic function with poles of order two at each point of I'. Further,
h has the same critical points as pr. We describe completely the behavior of all
critical orbits of h in the next result.

PROPOSITION 4.14.  The following hold for h:

(1) h((d+di)/2) =0 and h((d — di)/2) = 2di are lattice points, and h(d) = di
s a superattracting fixed point.
(2) For any oo € C\ {0}, defining go(z) = ah(z), we have that HD(J(ga)) > &.
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Proof. Using Lemma 4.13, h((d + di)/2) = pr((d + di)/2) + di = 0, and h((d —
di)/2) = pr((d—di)/2)+di = di+di = 2di. Similarly, h(d) = pr(d)+di = 0+di =
di = h(di).

By our choice of I, for any o # 0 we have a pole at go((d + di)/2) = ah((d +
di)/2) = 0. We have that the poles and critical points of g, are precisely those of
h (and @r) so the hypotheses of Theorem 4.12 are satisfied. Every pole of g, is of
order 2, and every critical point is of order 2, and thus the HD(J(go)) > 8/5.

(]

Finally, we use the construction from Section 4 to obtain an elliptic function with
the critical behavior of interest. We label the common critical points of h, gr, and g,
by ¢1, c2, and c3 using the conventions established in Equation (4). In Proposition
4.14 we constructed an elliptic h such that ¢i,co € Cp(h) while ¢35 € F(h). A
perturbation of A gives the desired result.

THEOREM 4.15. There exists a critically tame elliptic function gg = Bh with a
nonempty Fatou set such that limy, .o g5(c2) = oo.

Proof. We start with h such that c¢3 = di is a superattracting fixed point; the
family g, = ah, a € B:(1), moves the fixed point zy near di and its derivative
9'(20) = ah/(29) holomorphically in « for & not too far from 1. Then for ¢ small
enough, using the stability theory developed in [16] and [17], and applied to the
meromorphic setting in [10] and [7], if & € B.(1) then g, = ah has an attracting
fixed point zg near cg = di with g,(d) = adi contained in the immediate basin of

attraction of zy. For every o € B.(1), Proposition 4.14 gives that ¢; € Cp(ga)-
We use the construction described in Section 4 applied to the critical point ¢y to
obtain (3 such that lim, . gj(c2) = limp o0 g5((d—di)/2) = oc. Using Proposition
4.14 (2), the condition of Definition 3.5 (c) (11) is satisfied so g is critically tame.
(I

Using the same technique, Proposition 2.9 leads to an example of an elliptic
function of the form gs = Bpa, with a nonsquare period lattice, that also has a
nonempty Fatou set and a critical point whose orbit approaches infinity. However
we are not able to determine if it is critically tame because it is unclear whether it
satisfies the inequality of Definition 3.5 (11).
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