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Abstract. For every irrational number ae[0,  1) which is not of constant type 
we construct a C2-diffeomorphism of the circle with rotation number 
which is of type lIIa.  This diffeomorphism can be chosen arbitrarily close 
to the rotation R~. Our methods also allow us to construct, for every 
Liouville number a t [0 ,  1), a C~ of the circle with rotation 
number c~ which is of type III  1. 

w 1. Introduction 

In [4], Katznelson constructs ergodic C~-diffeomorphisms of the circle which 
do not admit any a-finite invariant measure equivalent to Lebesgue measure. 
The rotation numbers of these diffeomorphisms are Liouville numbers of a 
very special kind and are, in particular, contained in a subset of the circle of 
Lebesgue measure zero. Subsequently Herman [1] proved that the set of C ~- 
diffeomorphisms of the circle which are of type IIIl  form a dense Ga in F ~, the 
Baire space formed by taking the C~-closure of the set of C~-diffeomorphisms 
of the circle with irrational rotation numbers. Herman's  theorem implies, 
however, that the rotation numbers of all these type III l-diffeomorphisms must 
be contained in a set of measure zero (cf. [2, Chap. 5]). The methods of [2] 
also show that the situation remains basically unchanged if one looks at C 3- 
diffeomorphisms of the circle. C2-diffeomorphisms, however, exhibit a different 
behaviour, and this is the starting point for this paper. Using a modification of 
Katznelson's construction we obtain, for every irrational number ~e[0,1) 
which is not of constant type, a C2-diffeomorphism of the circle of type III  1 
with rotation number e. To formulate our result more clearly we need some 
terminology. We write TI=R/Z=[O, 1) for the circle and denote, for every 
r>0 ,  by D~(T 1) the group of orientation preserving Cr-diffeomorphisms of T 1. 
The rotation number of feD'(T ~) will be written as p(f), and will be norma- 
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lized so that 0 < p ( f ) < l .  Under this assumption the map p: Dr(T1)--.T ~ is 
continuous for every r > 0 .  

We remind the reader that f~DZ(T 1) is always non-singular with respect to 
Lebesgue measure m on T 1, and ergodic if and only if p(f )  is irrational. For 
every c~eT 1, R~ will denote rotation by ~. If f~Dr(T l) is of the form f 
=h -1R~h, where h: T1--*T 1 is a Ck-diffeomorphism of T 1, we say that f is C k- 
conjugate to R,  (clearly p( f )=  c O. 

Turning briefly to continued fraction expansion, we consider c~[0,1) and 
write e = [a~, a 2 . . . .  ) = ll(a 1 + 1 ](a 2 +...)) for its continued fraction expansion. The 
n-th convergent of ct is denoted by p,/q,, where p, and q, satisfy the well 
known recursion formulae Po=0,  p ~ = q o = l ,  q l = a l ,  p =a,p ,_~+p,_2,  q, 
= a, q,_ 1 + q , -  2, for every n > 2. 

1.1. Definition. Let e e T I \ Q  (Q is the set of rational numbers), and let c~ 
=[al ,a  2 .. . .  ) be its continued fraction expansion. We say that c~ is of constant 
type if sup a, < co. 

n 

Next we introduce the notion of a ratio set (cf. [5]). Let f~D2(T ~) with 
p(f)r A non-negative real number t is said to lie in the ratio set r*(f) of f 
if, for every Borel set B c  T 1 with m(B)#O and for every e>0,  

Put r( f )=r*( f ) \{O}.  One can show that r ( f )  is a closed subgroup of the 
multiplicative group of positive real numbers, and that f admits a ~-finite 
invariant measure m' equivalent 
invariant measure equivalent to 
= { t e R :  t>O}, in which case 
={2": neZ} w{0}, in which case 
= {0, 1}, in which case f is type 
be expressed as follows. 

to m if and only if r*(f )={1}.  If f has no 
m, there are three possibilities: either r*(f) 
f is said to be of type III1, or r*(f) 
f is said to be of type IIIz, or, finally, r*(f) 
III  o. The main result of this paper can now 

1.2. Theorem. For every irrational number cte[0, 1) which is not of constant type 
there exists a diffeomorphism f~D2(T l) with p ( f ) =  c~, which is of type III  1 . 

Theorem 1.2 will be a consequence of a slightly stronger assertion (Theo- 
rem 2.4), which shows that the diffeomorphism f can be chosen arbitrarily 
close to the irrational rotation R, in DE(T1). The proof  of Theorem 2.4 can be 
modified to yield, for every Liouville number c~[0, 1), a C~-diffeomorphism of 
type III~ with rotation number c~ (cf. Remark 2.6). In an earlier, unpublished 
version of this paper Theorem 1.2 was stated with some additional (and, as it 
has since turned out, unnecessary) restrictions on the rotation number cc The 
authors again became interested in this problem when Herman proved the 
remarkable result that, for every irrational number e of constant type, there 
exists an e > 0  such that every C2-diffeomorphism f of T 1 with p ( f ) = ~  and Nf 
-R~I}2 < e  has a finite invariant measure equivalent to m, in complete contrast 
to the situation described by Theorem 2.4 (cf. [3]). It is not known whether 
there exist C2-diffeomorphisms of the circle of type III~ which have an ir- 
rational rotation number  of constant type. 
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w 2. The Proof of Theorem 1.2 

Let fED2(T 1) with o~=p(f)~Tl\Q,  and let c~=[a l , a  2 . . . .  ) be the continued 
fraction expansion of  ~. For  every n>O, P.(f) denotes the part i t ion of  T ~ given 
by the points {f~(0): 0 < j < q , } .  We now turn to the p roof  of Theorem 1.2 and 
start with a measure theoretic proposi t ion closely related to ([4], II, Theorem 
1.1). 

2.1. Proposition. Let f~D2(T 1) with ~ = p ( f ) ~ T l \ Q  and let, for every n, P.(f) 
denote the partition of T x described above. Suppose that the following condition 
holds for infinitely many n: for every IcP,(f)  there exists a Borel set A c I  and a 
positive integer k with 

and such that 

fk(A) c l ,  (2.1) 

m(A) > 10-4 m(I), (2.2) 

10 -3 < Ilog Dfk(t)l ~ 1 (2.3) 

for every teA. Then.f admits no cr-finite invariant measure equivalent to m. 

Proof If  f admits a a-finite invariant  measure m' equivalent to m, we have 
dm'(t)=g(t)dm(t) for some Borel function g > 0  on T 1 which satisfies 
gof( t )Df( t )=g( t )  for m a.e. t e T  1. There exists a c > 0  such that the set E 
= { t e T l :  c < g ( t ) <  1.001 c} has positive measure. Let t o be a density point  of  E. 
By definition, we have 

lim m(I c~E)_ 1. 
re(I) n ~ o o  

to~ l E P n ( f )  

Choose  n large enough so that, for to~I~P,(f), 

m(I r~ E) > (1 - 1 0 -  6) m(I) ,  

and such that  n is one of  the numbers  satisfying (2.1)-(2.3). F rom (2.2) and (2.3) 
we get 

m(A)/3 =< m(fk(A)) < 3 m(A), 
m(fk(A)) > re(I)~3.10 4, 

m(A c~ E) > m(A) - m(I \E)  = re(A) - (m(I) - m(l (~ E)) 
>_>-m(A)- 10 -6 m(I) > (1 - 10 -2) m(A), 

and 
m(fk(A) c~ E) > m(fk(A)) -- m( I \  E) > m(fk(A)) -- 10- 6 m(I) 

> m(fk(A)) -- 3- 10-  2 m(fk(A)) = (1 -- 3- 10-  2) m(fk(A)). 

This implies 

m( f  -k(fk(A) C~ E)) > m(fk(A) c~ E)/3 > (1 -- 3 . 1 0 -  2) m(fk(A))/3 
>(1 - - 3 . 1 0  -2) m(A)/9 
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and hence 

m(A c~ E c~ f -k( E)) >= m(A c~ f -k(E)) -- m(A \ E) 
> (1 -- 3 . 1 0 -  2) re(A)~9 - (re(A) - m(A c~ E)) 
> (1 - 3 . 1 0 -  z) m(A)/9 - 10-  2 re(A) 
> 0.09 m(A) > O. 

Put B=Ac~Ec~f-k(E) .  Then  re(B)>0,  and  we get lO-3<llogDfk(t)l  for every 
teB, from (2.3). On the other  hand, 

Dfk( t )_  g~ 
g(t) 

and hence 

Ilog Dfk(t)l = [log g off(t)  - - log  g(t)[ ~ l o g  1.001 < 10 -3, 

since bo th  t and fk(t) lie in E whenever  t~B. This contradic t ion proves  the 
non-existence of an invar iant  measure  m' equivalent  to m. 

2.2. Remark. Any reader familiar with the not ion of the ratio set r*(f)  (cf. w 1) 
will realize that  we have just p roved  tha t  r ( f )#:{1}.  A closer look at the p roof  
of  Propos i t ion  2.1 shows that  f must  either be of  type III~ or of type I l i  A for 
some 2 with 1 > 2 > e -  ~. 

I f  f :  T1--,R or f :  T I ~ T  1 is a Cr-map we write tlfllr for its Cr-norm. Now 
let c~e[0, 1) be a fixed i r ra t ional  number  which is not of constant  type, and let 
[a 1, a z . . . .  ) be its cont inued fract ion expansion and (p,/q,, n> 1) its sequence of 
convergents.  For  every n >  1 we put d,=lq,  a-p,[ .  

2.3. Proposition. Let 0 < 6 ,  r / < l  and let N be a positive integer. There exists a 
diffeomorphism (o eD~(T1) and integers k, M with M > N and 1 < k < qM+ 1 such 
that f = 49 R~ 49- i satisfies the following conditions. 

II f -  R,  11 o < 6 r//10 4 q2,  (2.4) 

l/log Dfllo <0.6 6/qM+ 1 < 6q/103 qM, (2.5) 

sup H1og Df~ll o < 0.2 6, (2.6) 
J 

I I f - e ~ l l =  <r/, (2.7) 
and 

0 .9q~ l<m( I )< l . l q~ t  1 for every IePM(f). (2.8) 

Fu r the rmore  there exists, for every I~PM(f),  an interval A ( I ) c I  with fk(A(I)) 
c I such that  

m(A (I)) > 0.09 q ~ '  > 0.08 m(l), (2.9) 

]logDfk(t)[>O.076 for every t~A(1), (2.10) 

and such that  the distance of A(I)ufk(A(1))  f rom each of the two endpoints  of 
I is greater  than 0.1 q ~ .  (2.11) 
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Proof For  every n >  1, the par t i t ion P.(R~) consists of q. intervals;  q . -2  of  these 
have length d._~+d.,  and a.q. 1 have length d._ 1. The part i t ion P.+I(R~) 
divides each interval I in P.(R~) into either a.+ 1 or a . + ~ +  1 subintervals,  all of 
which have length d., except for one of the intervals at one of the two ends of 
I which may  have length d . + d . +  1. With  the exception of one of the intervals 
at the ends of I, fq" moves  every subinterval  of 1 to one of its neighbours.  
F r o m  this discussion we conclude that  a .+ ld . < d . _ l< (a . + l+ 2)d ,  and 
d._l<q#~<d._~(l+a2+tl)  for every n > 2 .  Let M > N  be chosen so that  
aM+ t > 1000 v/-~, where N and q are the numbers  appear ing  in the s ta tement  of 
this proposi t ion.  We define a function 4): T 1 ~ R  by 

4)(t) = t + 10 -2 6qM 1 sin 2~qMt. 

The m a p  4) can be considered as a C~-d i f feomorphism of T 1, and we put f 
=4)R~4)-~D~(T~). Our  choice of 4) implies the following for f :  

H J-R~,[[ o _-<2n 10 -2 6dM/qM <2n 10 -2 6dM_l/aM+ 1 qM 
< 7- 10 -2  6d M_ 1/qM+ I, 

I[ D f -  1[I o = II (D 4) o R~) (D 4)) - ~ - 11[ o < 0.5 fi d M __< 0.5 6/q M + ~ < 0.5 6/a i + 1  qM 

and 

[[D2f Ho < ND2 4) o R~ -D2  4)ILo II(D 4)) -1110 2 

+ IID24)11o I[(D4))-l[Ig IID4) oR~-D4)[Io 
<36qMdM+3qMdM <=43/aM+l. 

(2.4) and (2.7) are immedia te  consequences of  these inequalities, and (2.5) 
follows from I[log Df [[ o < 10 ]f D f -  1 [I 0/9 < 0.6 5/q M + 1 < 1 O- 3 6 ~/qM" For  every 
j > 0  we also have ]]logDf21]o__<2 HlogD4)[Io<0.26, i.e. (2.6). Next  we note that 
PM(f)={4)([): [ePM(R~) }. Hence  dM_ 1 ]1(D4))-111o I <=m(l)<:(dM_ 1 -I-dM)11D4)11o 
for every IePM(f). Since Ll(D4))-llLol dM_l>O.9/qM and (dM_ 1 
+dM) [[D4)[Io<l.064dM 1< 1.1/qM, we have verified (2.8). 

N o w  let k=Int(aM+l/3) qu, where Int  denotes the integral part,  and define, 
for every f with 0__</<qM, an interval J~ by J~ =[(f+O.45)/q M, ((+0.55)/qM]. 
F r o m  our choice of  aM+ I it is clear that, for every [ePM(R~), there exists a 
unique integer @ 0_--<(i<qM, with J l c [ ,  and we put A ( I ) = J r  Clearly we 
have, for every [ePM(R~), R~(fit([))cI, and the distance of A(DuR~(.4([)) from 
the two endpoints  of I is greater  than 0.11/q M. Fur thermore ,  IlogD4)(t+ke) 
- l o g  D4)(t)[__>0.07~ for every teA(i). We now define, for every lePu(f) ,  A(I) 
=4)(2(4)-~(I)) ,  and observe that  [log Dfk(t)[ _>_ 0.07 6 for every teA(I), fk(A(I)) 
~ I ,  and that  the distance of A(1)wfk(A(1)) from the two endpoints  of  I is 
still greater  than  O.1/qM. Finally we note that  m(A(I))>m(ft(4)-l(I)))  9 
[I (D 4))- 1 II o 1 > O.09/q M > 0.08 re(I), and this completes  the p roof  of (2.9)-(2. l 1). 

2.4. Theorem. Let c~e[0, 1) be irrational and not of constant type, and let 
0 < e <  1 be fixed. There exists a type Illl-diffeomorphism f*eD2(T  1) satisfying 
the following conditions: 
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p(f)=~ 
and 

tlf* -R~llz<e. 

Proof. Using an induction argument we shall construct a sequence (f.) in 
D~(T 1) which converges in D2(T 1) to a limit f*  with the required properties. 
The sequence (f.) will be obtained through repeated applications of Proposi- 
tion 2.3 and of the elementary inequalities 

][hR~ h-1 -hg  h-1 I]o < IlR~-gl]o llh]l ~, (2.12) 

tllog D(hR~h-1)_log D(hgh- 1)110 < Illog Dgllo (2.13) 

+ IIRa-gllo (1 + Ilhll 2 -[- II h-11[ 2), 
and 

IlhR~h-l-hgh-1[t2 <=lOLlR~-gl[2(l+HhH3+Nh-1113) 2, (2.14) 

for every g, hED~ For every n, f ,  will be of the form f ,=O,R~s -1 with 
O,eD~(T1). 

We now choose and fix a sequence (6 . ,n~ 1) of real numbers satisfying 
0 < 6, <1 and 62, = 1 for every n, and such that [6, : n ~ 1} is dense in [0, 1]. To 
start the induction process, let ~/1=2 -1 10-3e, N~ =1, and apply Proposition 
2.3 with 6=61, r/=~/1 and N=NI to find f=fl=~bR~b -1, k=kl, M = M  1 and 
{AI(I)=A(I): IePM(f)} satisfying (2.4)-(2.11), and put 0~ =4). For the general 
induction step we assume to have constructed fe,~,~,~lt,N~,M(~,kE and 
{At(l): l~PM~(fe) } for ~= 1 . . . .  ,n. Put 

q . + 1 = 2 - ' - 1  10-4e( max (1+ 1[~[13 + 11@F~113)2) -1 (2.15) 
l_<E<_n 

and choose N = N. +1 such that qM.+ 1 QN 1 <  1 0 - 3  2--n--1 and 

max (]log D O.(s) - log O O.(t)[ + Ilog D @~- x(s) - log O ~bs 1(01) 
[ s - t l  < 2/qN 

< 10-3/qM . (2.16) 

We apply Proposition 2.3 with ~/=~/.+1, 6=6.+~,  N=N.+~ to obtain f 
=dpR~dp -1, k=k.+l, M=M.+ 1 and {A(I): I~PM.+,(f)} satisfying (2.4)-(2.11). 
Put ~,.+l=~,.~b, fn+l=O, fl//nl=~Jn+lRa~J2+ll and A,+~(I)=tp,(A(O~I(I)) for 
every IePM, + ~(f,+ 1)" (2.8), (2.9) and (2.16) yield 

re(An + 1 (1)) ~ 0.07 m([), (2.17) 

and (2.10) implies that 

Ilog of.k;y(t)l >0.06 6.+ 1 (2.18) 

for every teA.+ 1(1), IePM. +,(f.+ 1)" From (2.6) we get 

]log Df~;q~(t)] <0.3 6,+ 1 (2.19) 

for every teA,+ 1(I), IePM,,+,(f,+l). Furthermore, the distance of 
A,+ 1(I)uf~?_] ~(A,+I(I)) from the endpoints of I is greater than 
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0.1 lID@, -1 Iio I qM~+. (2.20) 

From (2.4), (2.5) and (2.7), together with (2.12)-(2.14), we get 

[ I f . - f . + l l l o < 2  -"-1  lO-8e( max (I+t]@EI]3+H@t-IlI3))-lqM~+~, (2.21) 
l< t f<n  

II log Df, - log Df, + 1110 ~-~ 0.6 6, + I/qM. +~ + a (2.22) 
and 

[1 fn - - f n  + 1 I12 < 2-" -1  10- 3 e. (2.23) 

(f,) is thus a Cauchy sequence in D2(T~), and we denote its limit by f* .  
Clearly p(f*)=c~ and I l f*-R~l l2<e.  From (2.15), (2.21) and (2.22), and from 
our choice of Ne it follows that 

[If* - f . l lo  < 2-" 10-8 e ( _  m a x  (1-1- 111//( 1[ 3 -1- H @tT- 1113)) - 1  qM.+-2 (2.24) 
l<_d<n 

and 

[llogDf, logDf, llo <O. 6 y' , - 3 - 1  (2.25) - qM,,,  < 1 0  qM.+l+l 
m = n + l  

for every n>  1. (2.24) has the following consequence: for every IePM.(f,) we can 
find a unique interval I*~PM,(f* ) whose endpoints differ from those of I by 
less than 

max II f*d-  f~llo~qM. IIf*-f~l[o 
O<[<qMn 

< 2 - "  10 -Be( max (1 + II@tl13q-11071L13)) -1 -1 QM.+ 1' l<_d<_n 

(2.26) 

and (2.19) shows that 

m(A,(I*)) >_ 0.07 m(I) > 0.06 re(I*). 

(2.25) and (2.18) give, for every teA,(I*), 

Ilog Df*k"(t)l 20.06 6,-- 10 -3 a -1 Mn+ 1 

]log D f*  k"(t)] ~ 0.03 6, + 10 3 a~t~ + 1 (2.29) 

for every teA,(I*), I*ePM,(f*), n>  1. (2.27)-(2.29) allow us to apply Proposition 
2.1, bearing in mind that 62, = 1 for every n. Remark 2.2 shows that f is either 
of type III 1 or of type IIIz, and an easy argument, using (2.29) and the fact 
that the sequence (6,) is dense in the unit interval excludes the second possi- 

(2.27) 

(2.28) 

and (2.20) now implies that A,(1)wf*k"(A,(I))cI *. Since the correspondence 
1.--,1" between PM,(f,) and PM,(f*) is a bijection, we can write A,(I*) instead 
of A,(I). From (2.8) we know that m(I)>lkO@~lllol.0.9q~+,, and (2.26) 
yields m(I*)<m(I)+2 -"+1 10-S~q~+,  ND@~-111o 1 and hence m(I*)<m(I). 
(1 +2  -n+2 10-8). We conclude that 
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bility. The diffeomorphism f *  constructed above is thus of type III1, and the 
theorem is proved. 

2.5. Remark. Theorem 2.4 implies Theorem 2.1. 

2.6. Remark. In the proofs of Proposition 2.3 and Theorem 2.4 we have used 
the fact that, for every e~[0,1) which is not of constant type, lim, inflqne 
-p,l .q,=lim, infq, d,=O. The proof can easily be modified to show that, for 
every irrational ~e[0,1) with lim, infqk, d,=O, k>l,  there exists a C k+l- 
diffeomorphism f *  of T 1 of type III~ with p(f*)=c~, and that f *  can be chosen 
arbitrarily close to R~ in C k+ ~-norm. In particular, if c~ is a Liouville number, 
i.e. if lim, infq~d, = 0 for every k > 1, we can construct a C~-diffeomorphism f *  
of type III~ with p(f*)=c~, and we can again choose f *  arbitrarily close to R~ 
in the C~-metric. 
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