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 NONINVERTIBLE TRANSFORMATIONS ADMITTING NO
 ABSOLUTELY CONTINUOUS a-FINITE INVARIANT MEASURE

 JANE M. HAWKINS AND CESAR E. SILVA

 (Communicated by R. Daniel Mauldin)

 ABSTRACT. We study a family of n-to-I conservative ergodic endomorphisms
 which we will show to admit no a-finite absolutely continuous invariant mea-
 sure. We exhibit recurrent measures for these transformations and study their
 ratio sets; the examples can be realized as C? endomorphisms of the 2-torus.

 1. INTRODUCTION

 In this paper we study a family of n-to-i conservative ergodic endomor-

 phisms which we will show to admit no nontrivial a-finite absolutely continuous
 invariant measure. Other examples in the literature that have been shown not
 to admit absolutely continuous finite invariant measures, e.g. [LY] and [GS], do
 admit infinite invariant measures. We also exhibit recurrent measures for our
 transformations and study their ratio sets; the existence of recurrent measures

 for any conservative ergodic endomorphism not admitting an invariant measure
 is an open problem [Si; ES]. Our examples can be realized as C? endomor-
 phisms of the 2-torus; we do not know of conservative ergodic 1-dimensional
 continuous endomorphisms with no a-finite absolutely continuous invariant
 measure.

 Let (X, q, ,u) be a Lebesgue probability space. A nonsingular endomor-
 phism T is a measurable transformation on X such that ,u(N) = 0 if and only

 if ,u(T- N) = 0. Since all the endomorphisms that we consider are finite-to-one
 we may assume (cf. [W]) that they are forward measurable and forward non-

 singular. A Markovian function for (T, M) is a positive finite a.e. measurable

 function co such that, for all nonnegative measurable functions f,

 f o Tw)du = ff d.

 If co is T 1,q-measurable then this forces co = (dldM T-1) o T a.e. and we
 define it to be the Radon-Nikodym derivative of T and denote it by co'. For
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 456 J. M. HAWKINS AND C. E. SILVA

 n > 0 we define
 n-i

 o(n, ) o= co o T... coo T

 We note that co(n,*) is a Markovian function for T" but it need not be T R-
 measurable.

 Define 0 by

 f foTdu=ff6du, forallf>0.

 It follows that coy = 1/(6 o T) a.e. We also recall the definition of Parry's
 Jacobian J(x). By a theorem of Rohlin we can decompose the space into

 disjoint measurable subsets Ai such that the restriction Ti of T to each Ai is
 1-to-i from Ai onto a.e. X, and for any measurable set B in A, Mu(B) = 0
 implies g(TiB) = 0. Define Ji = dgTildi on Ai and J(x) = ZXAiJi(x)
 One can show that EyeT'lx l/J(y) = 6(x) a.e.

 All spaces are Lebesgue probability spaces. Equalities are mod 0.

 2. EXAMPLES OF NONMEASURE PRESERVING ENDOMORPHISMS

 Let T be a type III (cf. ?3) automorphism on (X, M, ,u) and S a one-sided
 Bernoulli n-to-I measure preserving endomorphism acting on (Y, &', v) . It is
 clear that T x S is a nonsingular n-to- 1 endomorphism on X x Y. Let co = co's

 denote the Radon-Nikodym derivative of T with respect to M. If co denotes
 the Radon-Nikodym derivative of T x S with respect to ,u x v, since co is

 (T x S) 1(, x &) measurable it follows that ci(x, y) = co(x) u x v a.e. We

 also have that 12(i, x, y) = co(i, x) a.e. We recall that T is said to be (co, ,u)-

 recurrent if E'= co(i, x, y) = oo a.e.; if this holds for co = -c then we say
 that T is ,a-recurrent or that the measure ,u is recurrent. It has been shown

 in [HS] and [ST] that T is (co, u)-recurrent if and only if co is a recurrent
 cocycle.

 Lemma 2.1. The endomorphism T x S is conservative and ergodic with respect

 to ,u x v.

 Proof. Since T is conservative, E'= &(i, x, y) = oo a.e., and so [Si, Lemma
 2], T x S is u x v-recurrent and therefore by [Si, Lemma 3] T x S is conserva-

 tive. Next we note that S is an exact endomorphism, and since T is ergodic,

 [ALW, Theorem 5. 1] implies that T x S is ergodic. o

 Lemma 2.2. Let R be a conservative ergodic nonsingular endomorphism on

 (X, M). If R has no equivalent invariant measure then R has no nontrivial
 absolutely continuous a-finite invariant measure.

 Proof. Let v be an R-invariant nontrivial measure absolutely continuous with

 respect to M. Suppose there is a set N with v(N) = 0 and u(N) > 0.
 Let N* = U=o R N. Since R is conservative R N* = N* (mod lu).
 Ergodicity implies i(N*AX) = 0; so v(N*AX) = 0. But we know v(N*) = 0
 so v(X) = 0, a contradiction. o
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 NONINVERTIBLE TRANSFORMATIONS 457

 Proposition 2.3 [ST]. Let T be a nonsingular endomorphism with Markovian
 pair (co, u). If T is (co, ,)-recurrent, then T admits a c-finite invariant
 measure equivalent to ,u if and only if cv is a coboundary.

 Theorem 2.4. Let T be a type III automorphism and S a one-sided Bernoulli

 endomorphism on n symbols. Then T x S is an n-to-1 conservative ergodic
 nonsingular endomorphism of (X x Y, .9 x &', ,u x v) admitting no absolutely

 continuous a-finite invariant measure.

 Proof. By Lemmas 2.1, 2.2, and Proposition 2.3, it is enough to show that
 co(x, y) = co(x) is not a T x S coboundary. We note that since cZO(x, y) =

 co (x), ??O C&(i, x, y) = oo . Suppose there is a positive finite-valued measur-
 able function f on X x Y such that

 f(Tx, Sy)w(x) = f(x, y) 1 x v-a.e.
 Define g(x, y, z) = f(x, y)/f(x, z). One computes that g(Tx, Sy, Sz)=

 g(x, y, z), and since T x S x S is ergodic (by the same argument as in Lemma
 2.1) then g is a constant C a.e. That is, for u-a.e. fixed x0 E X, almost all

 pairs (y, z). E Y x Y satisfy f(xo, y) = Cf(xo, z). By reversing y and z,
 2

 we have for v-a.e. z, f(xo, z) = Cf(xo, y) = C f(x0, z), so C = 0, -1, or
 1. By our hypothesis on f we can eliminate the first two cases, so C = 1. It
 follows that f is a coboundary for T, a contradiction. 0

 We now let X = Y = S1, the unit circle, and ,u = v = m = Lebesgue (Haar)

 measure on S1 . We define f to be any ergodic type III C?? diffeomorphism of

 S1; such diffeomorphisms exist by [Ka]. Letting g(z) = zn on S1, it follows
 from the theorem that f x g is a conservative ergodic C? endomorphism

 on the 2-dimensional torus admitting no a-finite invariant measure absolutely

 continuous with respect to Haar measure, the smooth class for the manifold.
 The Jacobian of f x g is J(f x g)(z1, z 2) = nf'(z1) where f'(z) is the
 derivative of f at z. This implies that

 01(ZI , Z2) = i/f' (f1 Z) = (F A)Z(z1) and omxm (z 1 Z2) = f (z 1).
 It has already been shown in [ES] that Proposition 2.3 is not true when co is

 not recurrent, and it is an open problem whether every nonsingular conserva-

 tive endomorphism admits an equivalent measure v for which cov is recurrent.
 It was shown in [ES], however, that any n-to-I conservative ergodic endomor-

 phism admits an equivalent (infinite a-finite) nonrecurrent measure. From [ST]
 it follows that there always exist nonrecurrent Markovian pairs with respect to

 a finite equivalent measure; the Markovian function co is not necessarily the
 Radon-Nikodym derivative in their construction. However we show below that

 one can always choose a finite measure with a nonrecurrent Radon-Nikodym
 derivative.

 Proposition 2.6. Let (X, q , u) be a Lebesgue space, m some infinite c-finite
 measure equivalent to u, and T a conservative ergodic n-to-1 nonsingular en-
 domorphism on X. Then m restricted to the c-algebra T 1 is c-finite.
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 458 J. M. HAWKINS AND C. E. SILVA

 Proof. It follows from the n-stack structure decomposition of [ES]. 0

 Corollary 2.7. Let T be a conservctive ergodic n-to-i nonsingular endomor-

 phism acting on a Lebesgue space (X, , ,u). Then T admits a finite measure
 v equivalent to , such that the Radon-Nikodym derivative of T with respect
 to v, co, is nonrecurrent.

 Proof. By Theorem 3.1 of [ES] T has an equivalent measure m such that com
 is nonrecurrent. Since m is a-finite when restricted to T-1 q there exists a
 TY'R-measurable function f such that f f dm = 1 . We use f as a transfer
 function: define the v by v = fim. Since f is T 1R-measurable it follows
 from [HS, Lemma 2.1] that Com and lo" are cohomologous, therefore, wov
 must be nonrecurrent. o

 Question. Can one compute necessary or sufficient conditions for a nonrecurrent
 measure to have an equivalent a-finite invariant measure?

 We briefly show how to obtain finite-to-one nonconservative examples. Let T

 be a conservative ergodic nonsingular automorphism such that T2 is ergodic,
 and S be defined on N by S(n) = n - I if n > 1, and S(1) = 2. Then
 T x S is an ergodic endomorphism on the nonatomic space X x N that is

 not conservative [Si]; clearly T x S cannot admit an equivalent finite invariant

 measure. If T is type II 1 then T x S has an infinite invariant measure, and
 if T is type III then by inducing on the first two fibers one can see that T x S
 admits no equivalent a-finite invariant measure.

 3. RATIO SETS

 There are various notions of a ratio set for an endomorphism which generalize
 the definition given by Krieger for automorphisms (cf. [HS] and [H]). Here we

 consider the ratio set as in [HS]. We denote the ratio set of T with respect to

 u by rX (T) and define it as follows.

 r,(T)=f{AER+u{0}: foreveryAE ',u(A)>Oandeverye>Othere
 exists n > 1 such that (A n T-nAn {x: o(n, x) E N6(A)}) > O},

 where N6(l) is an e-neighborhood of 1 in R, N,((A) = AN,N(1) if A $ 0 and
 N6(0) = {t: t <,} .

 When T is an automorphism, this is exactly the same as the ratio set defined

 by Krieger and is invariant under a change to any equivalent measure [Kri].

 When T is not invertible, the ratio set depends on the measure pu and not just

 on the measure class of ,u. This is because 1 E r. (T) if and only if Co) is
 recurrent [HS].

 The following properties of the ratio set have been shown to hold in both the

 invertible [Kri] and noninvertible case [HS].

 (1) r. (T) is closed in R+ u {0} .
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 (2) r,(T) n R+ is a closed semigroup and is a group if and only if ,u is
 recurrent.

 (3) In the case that r,,(T) is a group containing at least one element other
 than 1 we say that T is type III.

 If r,(T) = R+ U {0} we say that T is type III .

 If r (T) = {in : n E Z} u {O}, 0 < A < I1, we say that T is type III ..
 If r,(T) = {O, 1} we say that T is type 1110 .

 It was shown in [HS] that if we start with a fixed measure ,u and its asso-

 ciated Radon-Nikodym derivative w"', then multiplying w"' by a coboundary
 (a measurable function of the form (h o T)/h for some positive measurable h )

 gives cl" for v = hu if and only if h is T 1'-measurable. In this case we
 say v is cohomologous to ,u, which is obviously stronger than just an equiv-

 alent measure. Otherwise the resulting product cocycle is still Markovian for

 v g,u and cohomologous to the pair (cw", ,u) but is not the Radon-Nikodym
 derivative for v [ST].

 Lemma 3.1. The ratio set of T with respect to ,u is invariant under a change to

 a cohomologous measure.

 Proof. We assume that v = hu and that cl" = ((ho T)/h)c"o by our hypothesis.
 For any A E r, ( T), we show that A E r,, ( T); by symmetry of cohomologous

 measures this completes the proof. Now given any set A E R , ,u(A) > 0, and

 any e > 0, we find a constant c and a set B c A such that (1 -.01e)c <
 h(x) < (1 + .01e)c for all x E B. Then there exists n > 1 such that

 du(B n T nB n {x: cv"(n, x) E N.e(#)}) > O,

 and for every point in the above intersection we have that c" (n, x) E Ne (A). ?

 It follows from Proposition 2.3 and Lemma 3.1 that for recurrent measures

 the following result of Krieger generalizes to the noninvertible case (Proposition

 3.5). As above, we assume T is an ergodic and conservative endomorphism.
 We first recall the following variation of a well-known lemma (cf. [Kre] and

 [ST]).

 Lemma 3.2. Let T be a nonsingular endomorphism. Then T admits an equiv-

 alent finite invariant measure if infn w(n, x) > 0.

 Lemma 3.3. If there is some A E r. (T) with A < 1 then r,(T) = {1} if and
 only if 0 ? r,(T).

 Proof. Suppose that there is some A < 1 in r,(T). Then by [HS] Am E r,(T)
 for every m > 1. Given any A E 7 and any e > 0, we choose m large
 enough so that Am < e/3. Then there exists an n such that

 ,u(A n T nA n {x: cov(n, x) E Nei3(in)}) > 0, which implies that

 ,u(A n TnA nf {x: cv"(n, x) E Ne(0)}) >0, since

 NeiG3(m) C (0, e).
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 460 J. M. HAWKINS AND C. E. SILVA

 Therefore 0 E rj(T) . The converse is trivial. o

 Corollary 3.4. Let ,u be a recurrent measure. Then r, (T) ={} if and only if

 there exists a set A E M of positive measure and a constant c > 0 such that

 coA(n, x) > c for all n > 1 and all x E A (where (OA1(, X) = w(n, X)).
 Proof. Since 0 0 r,(T) by Lemma 3.3 there exists a set A E R, u(A) > 0,
 and e > O, so that

 ,u (UAn n TA nf{x: cou(n, x) E Ne/3(O)}) =
 n>1

 This implies that WA (n, x) > e for all n and x E A (by removing a set of
 measure zero from A if necessary). o

 The following proposition has been obtained independently and by a different

 proof by P. Thieullen (unpublished).

 Proposition 3.5. Let ,u be a recurrent measure. Then T admits an equivalent

 a-finite invariant measure if and only if r,(T) = {1 } .

 Proof. If T has an equivalent invariant measure, then by Proposition 2.3 w"

 is cohomologous to 1. If v is the invariant measure then clearly r, (T) = { 1 };
 by Lemma 3.1, r,(T) = {1}.

 Now suppose r/, ( T) = { 1 }. From Corollary 3.4 there exists a set of positive
 measure A and a constant c such that uniformly on A, WA (n, x) > c for
 all n > 1. Then it follows that infcoA(n, x) > 0. By Lemma 3.2 this implies
 that TA admits a finite invariant measure, and therefore T admits a a-finite
 invariant measure. 0

 We use Proposition 3.5 to give another method for determining when many

 endomorphisms fail to admit invariant measures. We can easily compute the
 ratio set with respect to the product measure in our examples and show that

 it is the same as the ratio set of the automorphism T. Using the notation of
 Theorem 2.3 we prove the following.

 Theorem 3.6. If T is a type III automorphism, with A E (0, 1], then

 rl, .,(T x S) = r (T).
 Proof. It is enough to show the result on rectangles by [ChHP]. Given A c X,
 B c Y, and e > 0, we first find N large enough so that for all n > N,
 v(BnS B) >0. Wethen find n >N so that

 u(A n T A n f{x: of(n, x) E Ne()}) > O.

 It then follows that

 du x v(A x B n (T x S)n (A x B) n f{(x, y): co(n, x, y) e Ne(A)}) > 0.
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 NONINVERTIBLE TRANSFORMATIONS 461

 This shows that r1,( T) c ru X, (Tx S) . To show the reverse inclusion, we suppose
 that A E ryx,(T x S). Then given any rectangle A x B, and e > 0, we can find
 an n so that

 g x v(A x Bn(T x S) n (A x B) n f{(x, y): w(n, x, y) E Nc(A)}) > 0.

 This means that u(A n T nA nf {x: co' (n, x) E N6,(A)}) > 0 by the definition
 of product measure and the fact that w(n, x, y) = wJ(n, x). 0

 Corollary 3.7. r.,(T) = {l I} if and only if ru>,(T x S)={ 1}.
 Proof. By the proof of Theorem 3.6, 1 E r,(T) if and only if 1 E ru>,(T x S).

 If r. (T) = { I }, then by Proposition 3.5, ru,x, (T x S) = {l}. The converse
 follows by Theorem 2.4. c]

 Corollary 3.8. r.,(T) = {0, I } if and only if r,x (T x S) ={0, } .
 Proof. We first note that the proof of Theorem 3.6 cannot be used to show that

 0 E r. (T) implies 0 E r x, ,(T x S) (by arguments in [ChHP]). The forward im-
 plication follows from Theorem 2.4 and Proposition 3.5, however, the converse
 follows from the proof of Theorem 3.6. 0

 Remark 3.9. Let R* denote the Maharam skew product of R, as defined for
 endomorphisms in [Si]. Let T and S be as in Theorem 2.4 and write R =
 T x S. Then it follows from above that R* is ergodic if and only if R is

 type III , (with respect to u x v), generalizing to this case Schmidt's result for
 automorphisms [Sc, Corollary 5.4].

 Remark 3.10. From the work of Krieger, we know that for invertible transfor-
 mations of type IIIA for A e (0, 1] the ratio set provides a complete invariant
 up to orbit equivalence.

 The situation is more complicated for endomorphisms. To begin with, it
 is not yet clear what the best notion of orbit equivalence is; there are several

 equivalences which have been studied in [HS] and [H]. This ratio set so far
 does not seem to be invariant under either, due to the fact that one might

 change from one measure to an equivalent one and change from a recurrent to
 a nonrecurrent measure. However, changing to an equivalent measure leaves
 one in the same isomorphism class (unless some additional restrictions are put
 on the isomorphism).

 This is not the only problem that can arise. One can, for example, take two

 type III A transformations T and T' which are not isomorphic. Then

 r?,x,,(T x S)-=rl,/xv(74 x S)

 but we do not have isomorphism. Alternatively, one could change measures
 on the shift space to obtain S and S', both measure preserving shifts with
 inequivalent measures. Again

 rlux,(T x S) = rx,,,(T x S'),
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 462 J. M. HAWKINS AND C. E. SILVA

 but not only are they not isomorphic, they are not even equivalent in the weaker
 sense of associated equivalence relations [H]. What is true in our examples is
 that we obtain orbit equivalent invertible natural extensions of Tx S and T' x S'
 if and only if the ratio sets of the two product transformations are the same,

 assuming the ratio sets contain some A E (O, 1 ).

 ACKNOWLEDGMENTS

 The authors would like to thank S. J. Eigen and V. S. Prasad for useful con-
 versations concerning this paper. A special case of this example was constructed

 at a workshop on nonsingular transformations at Williams College, June 1989,
 in which they participated.

 REFERENCES

 [ALW] J. Aaronson, M. Lin, and B. Weiss, Mixing properties of Markov operators and ergodic
 transformations, and ergodicity of Cartesian products, Israel J. Math. 33 (1979), 198-224.

 [ChHP] J. R. Choksi, J. M. Hawkins, and V. S. Prasad, Abelian cocycles for nonsingular ergodic
 transformations and the genericity of type III 1 transformations, Monat. Math. 103 (1987),
 187-205.

 [CoFW] A. Connes, J. Feldman, and B. Weiss, An amenable equivalence relation is generated by a
 single transformation, Ergodic Theory Dynamical Systems, 1 (1981), 431-450.

 [ES] S. J. Eigen and C. E. Silva, A structure theorem for n-to- 1 endomorphisms and existence of
 nonrecurrent measures, J. London Math. Soc. (2) 40 (1989), 441-451.

 [GS] P. Gora and B. Schmitt, Un exemple de transformation dilatante et C' par morceaux
 de l'intervale, sans probabilite absolument continue invariante, Ergodic Theory Dynamical
 Systems 9 (1989), 101-113.

 [H] J. M. Hawkins, Ratio sets ofendomorphisms which preserve a probability measure, Contemp.
 Math., vol. 94, 1989, pp. 159-169.

 [HS] J. M. Hawkins and C. E. Silva, Remarks on recurrence and orbit equivalence of nonsingular
 endomorphisms (Dynamical Systems, Proc. Univ. Maryland), Lecture Notes in Math, vol.
 1342, Springer-Verlag, 1988, pp. 281-290.

 [Ka] Y. Katznelson, Sigma-finite invariant measure for smooth mappings of the circle, J. d'Analyse
 Math. 31 (1977), 1-18,

 [Kre] U. Krengel, Ergodic theorems, de Gruyter, 1985.

 [Kri] W. Krieger, On the Araki- Woods asymptotic ratio set and non singular transformations of a
 measure space, Lecture Notes in Math., vol. 160, Springer-Verlag, 1970, pp. 1 58-177.

 [LY] A. Lasota and J. A. Yorke, On the existence of invariant measures for piecewise monotonic
 transformations, Trans. Amer. Math. Soc. 186 (1973), 481-488.

 [Sc] K. Schmidt, Lectures on cocyles of ergodic transformation groups, Macmillan, New Delhi,
 1977.

 [Si] C. E. Silva, On p-recurrent nonsingular endomorphisms, Israel J. Math. 61 (1988), 1-13.

This content downloaded from 152.2.176.242 on Mon, 02 Sep 2019 23:55:10 UTC
All use subject to https://about.jstor.org/terms



 NONINVERTIBLE TRANSFORMATIONS 463

 [ST] C. E. Silva and P. Thieullen, The subadditive ergodic theorem and recurrence properties of
 Markovian transformations, J. Math. Anal. Appl. (to appear).

 [W] P. Walters, Roots of n: 1 measure preserving transformations, J. London Math Soc. 44

 (1969), 7-14.

 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH CAROLINA, CHAPEL HILL, NORTH CAR-
 OLINA 27514

 DEPARTMENT OF MATHEMATICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MASSACHUSETTS 01267

This content downloaded from 152.2.176.242 on Mon, 02 Sep 2019 23:55:10 UTC
All use subject to https://about.jstor.org/terms


	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 111, No. 2 (Feb., 1991), pp. 301-593
	Front Matter
	The Free Lattice-Ordered Group Over a Nilpotent Group [pp. 301-307]
	Irreducible Outer Automorphisms of a Free Group [pp. 309-314]
	Free Subalgebras of Enveloping Fields [pp. 315-322]
	On Dual Sets Generated by Lacunary Polynomials [pp. 323-330]
	Twistor Spaces with Meromorphic Functions [pp. 331-338]
	Equivalence of Variational Inequalities with Wiener-Hopf Equations [pp. 339-346]
	Holomorphic Motions and Polynomial Hulls [pp. 347-355]
	Determinant of the Neumann Operator on Smooth Jordan Curves [pp. 357-363]
	A Criterion for the Nonporosity of a General Cantor Set [pp. 365-372]
	Absolute Continuity of Hamiltonians with von Neumann Wigner Potentials [pp. 373-384]
	Forced Oscillations with Rapidly Vanishing Nonlinearities [pp. 385-393]
	䍯浰慲楳潮⁔桥潲敭猠景爠瑨攠νⵚ敲潥猠潦⁌敧敮摲攠䙵湣瑩潮猠倠⡺⤠睨敮⁛灰⸠㌹㔭㐰㉝
	Criteria for the Extremality of the Koebe Mapping [pp. 403-411]
	Singularly Continuous Measures in Nevai's Class M [pp. 413-420]
	Invariant Signed Measures and the Cancellation Law [pp. 421-431]
	On the Oscillation of Differential Equations with Periodic Coefficients [pp. 433-440]
	Some Estimates for Harmonic Measures. II [pp. 441-442]
	Differentiable Functions which do not Satisfy a Uniform Lipschitz Condition of any Order [pp. 443-450]
	The Gap between the First Two Eigenvalues of a One-Dimensional Schrödinger Operator with Symmetric Potential [pp. 451-453]
	乯湩湶敲瑩扬攠呲慮獦潲浡瑩潮猠䅤浩瑴楮朠湯⁁扳潬畴敬礠䍯湴楮畯畳 쌭⁆楮楴攠䥮癡物慮琠䵥慳畲攠孰瀮‴㔵ⴴ㘳�
	Radon-Nikodym Theorems for Multimeasures and Transition Multimeasures [pp. 465-474]
	Maximal Triangular Subalgebras Need not be Closed [pp. 475-479]
	On the Weighted Approximation of Continuously Differentiable Functions [pp. 481-485]
	Blow-Up of H Solutions for the One-Dimensional Nonlinear Schrödinger Equations with Critical Power Nonlinearity [pp. 487-496]
	Zeros of Solutions of a Second Order Nonlinear Differential Inequality [pp. 497-500]
	Centralizing Mappings on von Neumann Algebras [pp. 501-510]
	Two Operator Functions with Monotone Property [pp. 511-516]
	Systems of Equations in the Predual of a Von Neumann Algebra [pp. 517-522]
	Exponential Sums and Goppa Codes: I [pp. 523-531]
	Paradoxical Decompositions and Invariant Measures [pp. 533-539]
	Sharply Transitive Linear Groups Over Algebraically Closed Fields [pp. 541-550]
	Level Crossings of a Random Trigonometric Polynomial [pp. 551-557]
	A Generalized van Kampen-Flores Theorem [pp. 559-565]
	Combinatorial Set Theory and Cardinal Function Inequalities [pp. 567-575]
	On the Action of Steenrod Squares on Polynomial Algebras [pp. 577-583]
	Asymptotic Behavior of Stable Manifolds [pp. 585-593]
	Back Matter



