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Toral band Fatou components for the Weierstrass ℘ function

Jane Hawkins and Lorelei Koss

Abstract. We study the existence of unbounded Fatou components for the
iterated Weierstrass ℘ function and discuss its dependence on lattice shapes.
We show that there are open regions in shape space for lattices in C for which
scalings of the lattice (real and complex) yield unbounded toral band Fatou
components.

1. Preliminary discussion

An elliptic function is a doubly periodic meromorphic function in C with a
period lattice Λ. The dynamics of iterated elliptic functions fit into the broader
landscape of complex dynamics of meromorphic functions, worked on by many e.g.,
[1, 2, 4, 6, 7, 21, 23]. These studies have led to an interesting array of fractal Julia
sets for elliptic functions (see for example [9] –[15] and [17] –[20]). In this paper
we study one of the two basic building blocks of elliptic functions, the Weierstrass
℘ function, denoted ℘. The other basic function is its derivative ℘′, as every elliptic
function with period lattice Λ can be written as a rational expression of ℘Λ and
℘′
Λ. The function ℘Λ is an even elliptic function of order 2.

There are two main points discussed in this paper; neither has been addressed
in the literature before. It is well known from the references above that the Julia
and Fatou sets depend on the lattice, and not only the lattice shape (such as a
square or a rectangle), but also the side length. Here we look at the shape more
closely; we give results to show that the more horizontal or vertical looking lattices
allow for a wider variety of Julia sets and Fatou components, while the more regular
shapes like square and rhombus shapes whose short diagonals are longer than a side
of the rhombus, have less variety.

Our discussion adds another variable that seems to affect the dynamics, namely
how the lattice is situated relative to the real and imaginary axes. For example,
horizontally situated lattices seem to have a wider variety of vertical Fatou com-
ponents than vertically placed ones (defined below). While lattices give rise to
many different fundamental regions or period parallelograms, (see Figure 1), some
definitely appear to be more horizontal, others more vertical, and others look more
blockish. For elliptic functions, the Julia sets are doubly periodic, so while we do
not expect unbounded Fatou components for ℘Λ and they cannot occur for square
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Figure 1. The lattice Λ on the left appears to be more vertical
than the one on the right, which is iΛ. This can be seen by drawing
a few period parallelograms.

and triangular lattices, they occur more frequently than first thought when chang-
ing both the lattice shape and its orientation. These together yield many types of
Fatou and Julia sets even when just looking at the single function ℘. Moreover,
the occurrence of toral bands, once thought to be rare in parameter space, is now
established to be very common, occurring in open sets of shapes.

1.1. Background notation and results. Lattices determine double periods
for elliptic functions. By Λ = [λ1, λ2] we denote the group

(1.1) Λ = {mλ1 + nλ2 : m,n ∈ Z} ⊂ C.

Assuming λ1, λ2 ∈ C are non-zero and linearly independent over R, we call Λ a lat-
tice. A lattice Λ acts on C by translation, each ω ∈ Λ inducing the transformation:

Tω : z 7→ z + ω.

We denote the coset of C/Λ containing z by [z].
A closed, connected parallelogram Q is a fundamental parallelogram for Λ if

(1) for each z ∈ C, Q contains at least one point in the same Λ-orbit as z;
(2) no two points in the interior of Q are in the same Λ-orbit.

In this paper we focus on parallelograms, but other regions are possible for Q that
satisfy (1) and (2). A real lattice Λ is one such that Λ = Λ, where z denotes complex
conjugation and Λ = {λ : λ ∈ Λ}.

For a general elliptic function over Λ, denoted fΛ (or f), z0 is a critical point
if f ′

Λ(z0) = 0 and fΛ(z0) is a critical value. The Fatou set F (f) is the set of points

z ∈ Ĉ, the Riemann sphere, such that {fk : k ∈ N} is defined and normal in some

neighborhood of z. The Julia set J(f) is the complement of the Fatou set in Ĉ.
For each lattice Λ, every elliptic function with period lattice Λ is of Class S [4] and
does not have wandering domains [2] or Baker domains [23]. We summarize the
types of Fatou components that can occur.



TORAL BAND FATOU COMPONENTS FOR ℘ 3

Theorem 1.1. If fΛ is an elliptic function with period lattice Λ, then every
component of F (fΛ) is preperiodic, and each forward invariant Fatou component
contains one of the following:

(1) a linearizing neighborhood of an attracting periodic point;
(2) a Böttcher neighborhood of a superattracting periodic point;
(3) an attracting Leau petal for a periodic parabolic point. The periodic point

is in J(fΛ);
(4) a periodic Siegel disk containing an irrationally neutral periodic point.
(5) a Herman ring.

Order 2 elliptic functions do not have Herman rings, so Theorem 1.1(5) does
not occur for ℘Λ [10, 22]. We define the types of unbounded Fatou components
that are possible in this setting.

Definition 1.2. Assume that fΛ = f is an elliptic function over the lattice
Λ = [λ1, λ2]. Then

(1) A Fatou component A0 of f is a toral band if A0 contains an open subset
U which is simply connected in C, but U projects to a topological band
around the torus C/Λ containing a homotopically nontrivial curve.

(2) A toral band A0, is a double toral band if it projects to a set in the
torus C/Λ that contains closed paths that generate the fundamental group
π1(C/Λ).

(3) We say A0 is a vertical toral band if there is a line L ⊂ A0 where L is
parallel to the imaginary axis; and A0 is a horizontal toral band if there is
a line L ⊂ A0 where L is parallel to the real axis.

(4) If A0 is a toral band that is not double, it is called a single toral band.
(5) A toral band is nonperiodic if it maps onto a cycle of Fatou components

but is not part of the cycle.

Remark 1.3. Not every toral band for ℘Λ needs to be either horizontal or
vertical; a toral band is often parallel to one of the edges of a fundamental paral-
lelogram region. For example, a rectangular lattice scaled by a complex number is
still rectangular, but its sides are not parallel to any axis, as shown in Figure 2.

The Weierstrass elliptic function is defined for each z ∈ C, by

(1.2) ℘Λ(z) =
1

z2
+

∑

λ∈Λ\{0}

(

1

(z − λ)2
− 1

λ2

)

.

The map ℘Λ is an even elliptic function with poles of order 2 at lattice points. Its
derivative ℘′ is an odd elliptic function of order 3, also periodic with respect to Λ,
and obtained by term by term differentiation of (1.2).

Using the notation from (1.1), we define c1 = λ1/2, c2 = λ2/2, and c3 =
λ1/2+λ2/2 to denote the half lattice points in a fundamental parallelogramQ. This
is sometimes ambiguous since generators can change; however the critical points of
℘Λ are [cj ] for j = 1, 2, 3. The critical values of ℘Λ are denoted by ej = ℘Λ(cj) for
j = 1, 2, 3. They are distinct for each lattice, and they satisfy the relationship

(1.3) e1 + e2 + e3 = 0, e1e3 + e2e3 + e1e2 =
−g2
4

, e1e2e3 =
g3
4
.



4 HAWKINS AND KOSS

Figure 2. This shows a toral band for ℘Ξ with a rectangular
lattice Ξ = k[1, 3i], and k = 1+3i. J(℘Ξ) lies in the darker points
in the lacy region.

We define g2 and g3 as follows. Given a lattice Λ, define

(1.4) Sn =
∑

λ∈Λ,λ6=0

λ−n,

which converges absolutely for all n ≥ 3. We then set

g2 = 60S4, andg3 = 140 S6,

so that ℘′(z)2 = 4℘Λ(z)
3−g2℘Λ(z)−g3. Let △ = g32−27g23 denote the discriminant

of the cubic polynomial p(x) = 4x3 − g2z − g3, which satisfies △ 6= 0 since the ejs
are distinct.

2. Toral bands for ℘Λ real and nonreal lattices

A goal of this paper is to show that there are many toral bands occurring in
F (℘Λ) for an open set of lattices in shape space (see Figure 7). Earlier papers
ruled out toral bands for the square and triangular shapes, [11, 5], each of which is
represented by a single point in shape space. We also argue, with some supporting
results, that because of the shape of the primary region for τ space, if we use
constants k that are purely imaginary, then we see more vertical toral bands. The
presence of toral bands impacts the geometry of the complementary Julia set, as
shown below by comparing the Julia sets in Figures 2, 4 - 6, 8, and 10. Up to now,
most toral bands have come from more elaborate constructions of elliptic functions,
though an early paper by the authors [11] provided examples of toral bands for ℘Λ.

Theorem 2.1. [10] For a lattice Λ = [λ1, λ2] the following hold for every even
elliptic function fΛ = f with period lattice Λ:

(1) (−1)J(f) = J(f) and (−1)F (f) = F (f).
(2) There is symmetry of F (f) and J(f) about each half lattice point; i.e., for

any j = 1, 2, 3,

(2.1) f(cj + tck) = f(cj − tck), and f(cj + z) = f(cj − z)

for t ∈ R, z ∈ C.
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Corollary 1. For a real lattice Λ

(1) F (℘Λ) and J(℘Λ) are symmetric about all half lattice lines parallel to the
axes and about all critical points.

(2) F (℘Λ) = F (℘Λ) and J(℘Λ) = J(℘Λ)

Proposition 1. If ℘Λ has a toral band T ⊂ F (℘Λ), then T is the only toral
band on C/Λ and ℘Λ maps T (in C) either to itself or into a bounded component
of F (℘Λ). In particular, if T1 6= T2 are disjoint toral bands in F (℘Λ) ⊂ C, then
T2 = T1 + λ for some λ ∈ Λ and T1 is a single toral band.

Proof. The authors showed in ([13],Theorem 2.15) that a toral band must
contain at least 2 residue classes of critical points. There are only 3 residue classes
of critical points for ℘Λ, so at most one toral band can occur on C/Λ. Suppose
there are two disjoint toral bands in C, say T1 and T2. Then they must project to
the same set on C/Λ by the first result. Therefore T2 = T1 +λ for some λ ∈ Λ. �

Remark 2.2. (1) Following from the definitions, every vertical toral band
must intersect R and every horizontal toral band intersects the imaginary
axis. In fact every toral band that is not horizontal intersects R.

(2) We know from double periodicity that toral bands cannot themselves be
Siegel disks or Herman rings. However, there are elliptic functions f with
a toral band T for which f(T ) is a Siegel disk [13].

(3) Multiple toral bands are possible, and exist, for higher order elliptic func-
tions [13].

We showed in earlier papers [9] –[15] that real and complex scalings of lattices
Λ along the imaginary axis and vertical boundary of the primitive fundamental
lattice region shown in Figure 1 give rise to many toral bands for ℘Λ. We expand
the result to include large regions of lattice shapes in the region in Figure 7. We
start with a proposition using a function from [8].

Definition 2.3. For a lattice generated by [1, τ ], we define

I(τ) =
g32
27g23

(τ).

Theorem 2.4. I(τ) is meromorphic in the open upper half plane, with poles
at zeroes of g3(τ). There is a double pole at τ = i, a zero of I(τ) occurs at τ =
exp(2πi/3), and I(τ) < 0 for all τ with |τ | = 1 and arg(τ) ∈ (2π/3, π/2). Every
negative real number is I(τ) for some τ on that arc.

A version of this can be found in ([8], Thm 3.4).

Proposition 2. Let U denote the primitive region for lattice shape space, de-
fined to be all τ ∈ C satisfying

Im(τ) > 0,−1/2 ≤ Re(τ) < 1/2, |τ | ≥ 1, and |τ | > 1 if Re(τ) > 0.

Then the following hold for Λ = [1, τ ]:

(1) g2(τ), g3(τ), and J(τ) = I(τ)/(I(τ) − 1) = g32/∆ are Z periodic and ana-
lytic on U; that is, their values are unchanged under the map T (τ) = τ+1;
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(2) As Im(τ) → ∞ in U, Arg(τ) → π/2, and g2 → 120ζ(4) = 4π4/3 = g∗2 ,
where ζ is the Riemann zeta function given by

ζ(s) =

∞
∑

r=1

r−s, s > 1.

We also have that limIm(τ)→∞ g3 = g∗3 exists and the limits satisfy

(g∗2)
3 = 27(g∗3)

2.

(3) The doubly periodic function ℘[1,τ ] converges to a simply periodic function,

with period 1, and the critical values converge to e∗ =
√

g∗2/3, −1/2e∗,
and −1/2e∗.

(4) If the lattice is generated by [k, kτ ], then e∗(kτ) = k−2e∗.

Remarks about the proof. Most of these are classical results and can be found
in sources like [8] and [16]. Fixing |τ | = b, in order for τ ∈ U, we must have
arg(τ) ∈ (arccos(−1/2b), arccos(1/2b)). Clearly as τ → ∞ in U, arg(τ) → π/2
and Re(τ) remains bounded; therefore Im(τ) → ∞ and the lattice approaches
a degenerate one-dimensional lattice generated by a single generator [1]. This is
because the lattice points along the integers remain unchanged while all other lattice
points “disappear” to ∞. Using ([8], Theorem 1.2), it follows that the sums Sn

defined in (1.4), converge to 2 ζ(n) for even positive integers n, and recall that
g2 = 60S4 and g3 = 140S6. �

Algorithm 1. Obtaining vertical toral bands for ℘Λ.
This method yields toral bands that are forward invariant or periodic.

(1) We first choose a lattice shape Λ = [1, τ ], with τ ∈ U. Labelling the
critical values ε1 = ℘Λ(1/2), ε2 = ℘Λ(τ/2), and ε3 = −ε1−ε2, by applying
Proposition 2,(2) and (3), we choose τ large enough so that ε1 is close to
its limiting value, (2/3)π2 ≈ 6.5797 and ε2 and ε3 are close to each other.
(Note: |τ | = 2 is likely large enough for this, as shown in Figure 6.)

(2) Multiplying Λ by i, we next replace the lattice Λ by Ξ = [i, τi], whose
shortest generator lies on the imaginary axis. We (re)label the critical
points so that c2 = i/2, c1 = iτ/2, and c3 = c1 + c2. Then the critical
values are: e1 = ℘Ξ(c1) = −ε2, e2 = ℘Ξ(c2) = −ε1, and e3 = −ε3; we set
Ξ as our base lattice. If τ is purely imaginary, then e1 and e3 are positive
and e2 < 0; otherwise, τ ∈ U with |τ | large implies that Im(ej) is very
small for all j.

(3) We next scale Ξ by a real number κ in order to have attracting fixed
points, so we use a variation of a result from [11] to choose a range for it.
A good value can be pinpointed as follows: we have e1 ≈ −e2/2, and e2
is not far from −e∗ ≈ −6.5797, so e3 is close to e1. The values ej(τ) are,
for general τ ∈ U, complex numbers with imaginary part that shrinks to
0 as |τ | increases inside U by Proposition 2. For a fixed τ , the exact value

k = 3

√

2e1/iτ , not necessarily real, yields a superattracting fixed point
for the resulting ℘kΞ whose basin contains k−2e1 which equals the critical

point c
(k)
1 = ikτ/2. For nearby real κ, the fixed point is near c

(κ)
1 , and its

immediate basin of attraction contains both κ−2e1 and κ−2e3, which are
now closer to each other. Therefore a preimage of κ−2e3 is in the basin
as well, so we have a fixed toral band containing two critical points and
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two critical values. If τ is close to 2i, any value κ ∈ (1.5, 1.7) works well

since κ0 = 3

√

2e1/iτ ≈ 1.5.
(4) The resulting lattice, κΞ = iκ[1, τ ], now has a vertical toral band since the

images of the critical points c
(κ)
1 and c

(κ)
3 are in the same Fatou component.

The critical points c
(κ)
1 and c

(κ)
3 have the same real part, namely Re(iτ)/2,

so the toral band is parallel to the imaginary axis.
(5) As κ moves around in U period doubling bifurcations occur while the toral

band remains. The bifurcation values depend on τ .

Algorithm 2. Obtaining horizontal toral bands for ℘kΛ.
This method yields toral bands that are nonperiodic.

(1) We start with a lattice Λ = [1, τ ], choosing τ ∈ U. We label e1 = ℘Λ(1/2),
and e2 = ℘Λ(τ/2) and e3 = −e1 − e2 and choose τ large enough so that
e1 is close to its limiting value, (2/3)π2 ≈ 6.5797 as above. (Note: |τ | = 3
seems to be big enough for this, and could be smaller.) We use Λ as our
base lattice.

(2) We next scale to ensure attracting fixed points (and higher period at-
tracting orbits), so we use a result from [11] to choose k ∈ R near
κ = 3

√
2e1 ≈ 2.36; the value κ yields a superattracting fixed point for

the resulting ℘κΛ. Nearby ks yield a fixed point whose attracting basin
contains k−2e1 and kc1, but the immediate basin of attraction needs to
be a bit bigger so that one of its preimages can contain both k−2e2 and
k−2e3, which are now a lot closer to each other. Often a value near k = 2.4
works well.

(3) The resulting lattice, kΛ = k[1, τ ], now has a horizontal toral band con-
taining representatives from the critical point classes [kc2] and [kc3], since
the images of the critical points kc2 and kc3 are in the same Fatou com-
ponent. The critical points kc2 and kc3 have the same imaginary part,
namely Im(kc2) = Im(kc3) = Im(kτ)/2, so the toral band is parallel to
the real axis and therefore horizontal.

(4) We note that the number of iterations before the points ℘j
kΛ(kc2) and

℘j
kΛ(kc3) land in the immediate attracting basin of the fixed point can

vary.
(5) As k increases (very slowly in R), period doubling bifurcations occur while

the toral band remains.

If |τ | is large enough (bigger than 2), most of the k spaces look very similar to
the space in Figure 3, where the white region shows the values of k for which ℘kΛ

has a toral band. We have just outlined the proof of the following.

Theorem 2.5. There exists an α > 1 such that for any |τ | > α, the lattice
Λ = [1, τ ] can be scaled by real or imaginary complex numbers so that ℘kΛ has
either a vertical or a horizontal toral band.

There are reductions possible in every k space, and a typical k-space is shown
in Figure 3, with 6-fold symmetry apparent; results on this appear in [11].

Remark 2.6. We summarize the properties of the toral bands that the algo-
rithms produce for the Weierstrass elliptic ℘ function. Suppose a lattice Λ = k[1, τ ],
τ ∈ U, with k chosen using one of the algorithms, has a toral band in F (℘kΛ).
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Figure 3. Starting with the lattice Λ = [1, 3i], we show k-space,
where points that are white have multiple critical points attracted
to a periodic orbit. This is used to study the properties of ℘kΛ for
each complex number k shown, as in Figure 2.

Figure 4. Starting with the lattice Λ = [1,−.25+ 2i], we scale it
by k = 1.5i on the left and k = 2.25i on the right. On the left an
attracting fixed point is marked, and on the right, an attracting
period 2 orbit, both are white.

(1) The discriminant function △ = g32 −27g23 6= 0 is small, which is equivalent

to saying that the function I(τ) =
g32

27g23
(τ), is very close to 1. However the

rates at which I(τ) and △(τ) approach their limits as τ increases varies,
as discussed in (5) below; I(τ) approaches 1 earlier (than △ shrinks) and
gives toral bands.

(2) If k is either purely imaginary or real, then the toral band is vertical or
horizontal, respectively.
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Figure 5. Starting with the rectangular lattice Λ = [1, 2.52i],
we scale by k = 2.47 and see that horizontal toral bands appear.
They also have a period doubling cascade as k increases, as a small
Mandelbrot set appears in k-space for this lattice.

Figure 6. The rectangular lattice Λ = [1, τ ], with τ = 2i is on
the left and τ ′ = κτ , with κ ≈ 0.955− 0.296i, is a small rotation
of τ by exp(.3i) on the right. We use the same scaling factor (1.5)
and see that vertical toral bands persist as described in Algorithm
1.
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(3) Since the existence of a toral band is stable when an attracting orbit exists
for ℘koΛ, then there exists a neighborhood of ko such that for k in the
neighborhood, the toral bands will persist, but will no longer be vertical
or horizontal. Instead, F (℘kΛ) will contain lines parallel to a side of the
resulting period parallelogram for kΛ.

(4) The labelling convention described above uses c1 = 1/2 or iτ/2 to denote
the critical point closest to the positive real axis, c2 = τ or i/2 for the
critical point closest to the positive imaginary axis, and c3 = c1+c2. Then
for the scaled lattice [k, kτ ], the toral bands constructed above always
contain either kc1 and kc3, or kc2 and kc3. In the first instance the toral
band is vertical and in the second instance it is horizontal. The main
point is that for the scaled critical values, e

(k)
3 is extremely close to either

e
(k)
1 or e

(k)
2 in each case.

(5) In the case where the critical values e
(k)
1 and e

(k)
3 lie close to each other, we

set e
(k)
1 = η for convenience of notation to analyze Algorithm 1. Using Eqn

(1.3), the critical values satisfy the equations e
(k)
2 = −2η − j and e

(k)
3 =

η+j, for some complex number j with very small modulus. Applying Eqn
(1.3) again, we have g2 = 4(3η2+3ηj+j2) and g3 = −4(2η3+3η2j+ηj2).
The discriminant gives

△ = g32 − 27g23

= 1296 η4j2 + 2592 η3j3 + 1872 η2j4 + 576 ηj5 + 64j6,

which is not very close to 0 when η is a value greater than 3; even if j = .1,
it is large. The term 1296 η4j2 dominates, and gives a value above 1000
when j = .1. However, the function

I(τ) =
g32
27g23

(τ),

is very close to 1 when η is between 3 and 4 and j ≤ .5 and this gives
toral bands.

In the case where the critical values e
(k)
2 and e

(k)
3 lie close to each

other (Algorithm 2), using the same notation, the critical values satisfy

e
(k)
2 = −η/2 + j and e

(k)
3 = −η/2 − j, for some complex number j with

very small modulus. Eqn (1.3) gives g2 = 3η2 + 4j2 and g3 = η3 − 4ηj2.
The discriminant △ = g32 − 27g23 = 324η4j2 − 288η2j4 +64j6 is increasing
in η for fixed j. However, the function

I(τ) =
g32
27g23

(τ)

=
(3η2 + 4j2)3

27(η3 − 4ηj2)2
,

is very close to 1 when j is reasonably small, again resulting in toral bands.

3. Failure of existence of toral bands for ℘Λ for certain lattice shapes

It is now well-known that every lattice shape admits scalars for which some or
all of the critical points land on poles [12]. In this section we give arguments that
toral bands are rare or possibly even nonexistent in the setting where Λ = k[1, eiθ],
with θ ∈ [π/2, 2π/3] = π[.5, .6], and k ∈ C \ {0}. This curve of lattice shapes
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Figure 7. The primary region U for lattices. When |τ | = 1, only
the lattices with generators Λ = [1, eiθ], with θ ∈ [π/2, 2π/3] are
needed. The endpoints of the interval give square (θ = π/2) and
triangular (θ = 2π/3) lattices. The dashed curves are not in the
region.

makes up the lower boundary of the region in Figure 7. The endpoints of the
arc correspond to square and triangular lattices, and it has already been shown,
in [10, 11, 12, 5, 20] that F (℘Λ) for Λ square or triangular contains no toral
bands. This is because the critical values are maximally spread out and no amount
of scaling will bring two of them into the same Fatou component. In this section
we address the algorithms given in the previous section, but apply them to lattices
when |τ | is 1.

3.1. Medium rhombic lattices. A rhombic lattice is one where there is a
period parallelogram with all four sides of the same length. A medium rhombic
lattice has the additional property that the length of the shortest diagonal is longer
than one of its sides. Some notable cases occur when τ = i, and the lattice is square
so both diagonals have the same length (longer than the side of the square), and the
triangular lattice, where they are equal since the lattice is comprised of 2 equilateral
triangles. The other lattice shapes in this category are made by deforming a square
lattice to a triangular one by increasing one angle. The next result follows from a
variety of classical results given in Duval [8], for example.

If Λ is a real lattice and is also medium rhombic, then it can be written as
Λ = [a+ ib, a− ib], a, b ∈ (0,∞). If a < b, then we say Λ is vertical, and otherwise
it is horizontal, as in the first case the longer diagonal is parallel to the imaginary
axis, and in the other the longer diagonal lies along the real axis.
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Proposition 3. If |τ | = 1, and τ = exp(iθ), with θ ∈ [π/2, 2π/3], then the
following hold for Λ = [1, τ ]:

(1) Λ is a medium rhombic lattice .
(2) Λ is similar to a real lattice Λh, which is a horizontal medium rhombic

lattice.
(3) Λh(g2, g3) has g2 < 0 and g3 < 0; if θ ∈ (π/2, 2π/3) then Λh = k[1, eiθ] =

[a+ ib, a− ib], where k = ie−iθ/2 and a = sin(θ/2), b = cos(θ/2).
(4) Λ is also similar to a real lattice Λv, which is a vertical medium rhombic

lattice.
(5) Λv(g2, g3) has g2 < 0 and g3 > 0; if θ ∈ (π/2, 2π/3) then Λv = [b+ ia, b−

ia], where a and b are as above.
(6) For either Λh or Λv, if z lies on a vertical line passing through any real

lattice point or any real half-lattice point, then ℘Λ(z) ∈ (−∞, e3].

(7) Defining I(τ) =
g32

27g23
(τ), I(τ) < 0 for all τ with |τ | = 1, arg(τ) ∈

(2π/3, π/2). Also every negative real number is I(τ) for some τ in that
arc.

Conversely, if a real lattice Λ = Λ(g2, g3) has g2 < 0 and g3 < 0, then Λ is
similar to a lattice with Λ = [1, τ ] with |τ | = 1.

Proof. Most of these results are found in Duval [8]. The proof (3) and (4)
follows from the homogeneity equations. �

The dynamics of ℘Λ change as a medium rhombic lattice Λ rotates and stretches
by scalars, but some invariants are unaffected. In particular, the next result shows
that scaling a medium rhombic lattice leaves the rather large angles between the
ejs the same.

Proposition 4. Let |τ | = 1, and τ = exp(iθ), with θ ∈ [π/2, 2π/3], so that
Λ = [1, τ ] is medium rhombic. Then using k = exp(−iθ/2), we have the following:

• kΛ is a real lattice so for all z ∈ C, ℘kΛ(z) = ℘kΛ(z).
• Denoting c1 = 1/2, c2 = τ/2 and c3 = c1 + c2 as critical points of ℘Λ, we
set r1, r2, and r3 as the corresponding critical points for kΛ; we have that
r3 ∈ R.

• Denoting e1 = ℘Λ(1/2), e2 = ℘Λ(τ/2) and e3 = ℘Λ(c3) as the three
critical values of ℘Λ, we set s1, s2, and s3 as the corresponding critical
values for kΛ; we have that s3 ∈ R, and s2 = s1;

• e1 = k2s1, e2 = k2s2, so arg(e1/e2) = arg(s1/s2); also e2 = exp(2θ)e1.

Proof. The statements follow from the homogeneity equations and the ele-
mentary observation that k = k−1. Under our hypotheses we have these identities:
kΛ = kΛ, both being the same real lattice, so ℘kΛ(kz) = k2℘Λ(z). We note that

kΛ = kΛ implies that Λ = k−2Λ, so we use:

s2 = s1 = (k−2)e1 = k2e1.

Also, s2 = k−2e2 so the result follows. �

Failure of the algorithm when Λ is medium rhombic lattice. The first step of Algo-
rithms 1 and 2 fails when Λ is medium rhombic. Step 1 instructs us to move through
the region U until I(τ) is quite close to 1. This is the starting point to look for
attracting dynamics. However, when |τ | = 1 in U, as we move counterclockwise
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Figure 8. J(℘Ξ) is quite thick (in black), with no toral bands for
a superattracting fixed point at ≈ 1, for Ξ = k[1, exp(7πi/12)], a
medium rhombic lattice.

with τ = exp(iθ), from θ = π/2 to θ = 3π/2, I(τ) ranges from 0 to −∞, hitting all
the negative real numbers along the way.

We can use the result from [11] to obtain infinitely many values of k for which
the resulting lattice kΛ yields a superattracting or attracting fixed point and at-
tracting orbits of higher period, but this is not enough. Both the critical points
and the critical values are too separated to allow for more than one to appear in a
single Fatou component.

We conjecture that these lattices, occurring at the bottom of the primary region
of lattice shapes cannot have toral bands, and we give some partial results in that
direction. We start by using the result from ([11], Lemma 7.2) to show that given

a medium rhombic lattice we can scale it by k = 3

√

ej/cj , j = 1, 2 or 3, choosing
the cube root so that we have a real lattice with a superattracting fixed point. For
large regions in τ space, this lands us near or among parameters giving toral bands,
but the next example shows this does not happen in this setting.

Example 3.1. We show a Julia and Fatou set for a medium rhombic lattice of
the form Ξ = k[1, exp(7πi/12)] = k[1, τ ]. We note that τ is halfway along the lower
boundary of the region shown in Figure 7. Using ([11], Lemma 7.2) we obtain that
for (g2, g3) ≈ (−19.8033, 23.7727) we have not changed τ but the resulting map
℘Ξ has a real superattracting fixed point; J(℘Ξ) is shown in Figure 8. In fact the
results in [12] show that there are infinitely many values of k with this property,

and infinitely many ℓs such that Ξ = ℓ[1, τ ] satisfies J(℘Ξ) = Ĉ. For these, the
techniques given in [12] and some discussion below show that there are no toral
bands.

We finish with a result in the direction of showing that we cannot have toral
bands for medium rhombic lattices. While we state the lemma for one scalar, there
are infinitely many that work.
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Proposition 5. If Λ = [1, τ ] is medium rhombic and has critical points for ℘Λ

labelled by c1 = 1/2, c2 = τ/2, and c3 = c1 + c2, then scaling by: k = 3

√

e3/(2c3)

gives a lattice with e
(k)
3 = ℘kΛ(kc3) a pole. Moreover, arg(k) = − arg(τ)/2, so the

lattice kΛ is real, ℘n
kΛ(kcj) ∈ R for n ≥ 2 and there are no toral bands.

Proof. Results very similar to this have been proved in [10] and [20] and the

proof follows from the homogeneity equations. Since we know that e
(k)
3 = 2(kc3),

a pole, it follows that the real parts of e
(k)
3 and e

(k)
3 are critical points (−kc3).

Therefore ℘kΛ(e
(k)
1 ) = ℘kΛ(e

(k)
2 ) ∈ R, using Proposition 3, (6); hence there can be

no toral bands. This is because there are no nonrepelling real cycles and the critical
orbits remain on R. �

The proof details use that the scaled lattice kΛ is vertical rhombic, and therefore

yield the result that J(℘kΛ) = Ĉ, but the techniques appear in [10] and [20] so we
do not give them here. The most general statement is that scaling the lattice in
Proposition 5 by any k of the form k = 3

√

ej/(2mcj), j = 1, 2, 3, m ∈ N gives a
pole for the critical value ej.

There is a parameter space for each medium rhombic lattice, since there is a k-
space for every value of τ . Small Mandelbrot sets appear, suggesting the existence
of attracting periodic orbits and bifurcations, which can be proved in many settings.
What seems to be the difference is that the spread of the critical values and critical
points prevents toral bands from occurring. In Figure 9 we show a typical parameter
space for a medium rhombic lattice of the form Λ = [1, τ ], with τ ≈ exp(.633πi). We
see that the attracting orbits can act independently for the three different critical
values. In Figure 10 we see, for the map ℘(z) with (g2, g3) ≈ (−2.512, 4.483) that
three distinct attracting orbits can occur, one each attracting a critical value. The
large discriminants for the lattices and invariants are what causes the spread of the
critical values, and this is what changes as we move up along the imaginary axis in
the region U.
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